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Abstract 

The six gluon disk amplitude is calculated in superstring theory. This amplitude 
probes the gauge interactions with six external legs on .Dp-branes, in particular including 
e.g. F 6 -terms. The full string S-matrix can be expressed by six generalized multiple 
hypergeometric functions (triple hypergeometric functions), which in the effective action 
play an important role in arranging the higher order a' gauge interaction terms with six 
external legs (like F 6 , D 4 F 4 , D 2 F 5 , £> 6 F 4 , D 2 F 6 , ...). 

A systematic and efficient method is found to calculate tree-level string amplitudes 
by equating seemingly different expressions for one and the same string S'-matrix: Com- 
parable to Riemann identities appearing in string-loop calculations, we find an intriguing 
way of using world-sheet supersymmetry to generate a system of non-trivial equations 
for string tree-level amplitudes. These equations result in algebraic identities between 
different multiple hypergeometric functions. Their (six-dimensional) solution gives the in- 
gredients of the string .S-matrix. We derive material relevant for any open string six-point 
scattering process: relations between triple hypergeometric functions, their integral rep- 
resentations and their a'- (momentum)-expansions given by (generalized) Euler-Zagier 
sums or (related) Witten zeta-functions. 
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1. Introduction 



Due to the non-locality of string theory or the presence of infinite many massive string 
states the world-volume effective action describing the dynamics of massless fields of a Dp— 
brane is organized as an infinite power series in the string tension a'. A famous example 
for such a series is represented by the tree-level gauge sector of a Dp-brane. For F the 
gauge field strength and D the gauge covariant derivative^, this series may be formally 
written: 

Active = Tr £ 2 D n F m . (1.1) 



m>2 
n>0 



Of course, this series contains a lot of redundant terms, which may be eventually eliminated 
through applying Bianchi identities, equations of motions, partial integrations and field 
redefinitions. Moreover, due to the relation 

[D^D V ] F pa = -i [F^, F pa ] (1.2) 

certain combinations of derivative terms may be converted into non-derivative terms and 



vice versa. To this end, the prime at the sum indicates, that the sum (|1 . 1|) should be 
evaluated over only all independent invariants. In the supersymmetric case the latter are 
supposed to represent supersymmetric invariants. Furthermore, according to the definition 
of the effective action, each term in the series (|1.1|) accounts for a gluon contact interaction 
represented by an irreducible Feynman diagram of the underlying (higher derivative) gauge 
theory. Whether the series converges or may be even written as an analytic function in 
F and DF is of burning interest. To determine the expansion (|1 . 1|) for a given string 
background, in that background one calculates gauge boson string tree-level scattering 
amplitudes (their string S'-matrices) and their a'-expansion matches certain terms of Eq. 



( |TTT| ) (after proper subtraction of reducible diagrams). The fact, that Eq. ( |1.2| ) allows us to 



write terms in the effective action in various different ways, which are all equivalent from 
the string S'-matrix point of view, is related to the fact, that a string ^-matrix does not feel 
those redefinitions (on-shell). The lowest order terms of ( |1 . 1] ) , i.e. the o/°-order, describes 
just the ordinary Non-Abelian Yang-Mills theory, i.e. the interaction term TrF 2 . While 
the next leading order a' is absent in the superstring, the a /2 -order has been completely 



1 F and D are in the adjoint representation of the gauge group. Some group theoretical facts 
are summarized in appendix D. 
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matched to pieces of a four-gluon open superstring scattering S'-matrix. To this end, up 
to the order a' 2 , the series looks as follows 



^effective = Tr | F^ n - - (27TQ>') 2 ( F ab F bd F ca F dc + - F ab F bc F cd F da 

— -^ F ab F ba F cd F dc — - F ab F cd F ba F dc j + 0(a' 3 ) 



;i.3) 



Up to this a'-order derivative terms (n 7^ 0) may be eliminated as a result of field redef- 
initions 0. The series ( |1 . 1| ) is different for the bosonic and superstring. In this article 
we shall only discuss the more interesting superstring case. Furthermore, it drastically 
simplifies in the case of an Abelian gauge group, i.e. a single .Dp-brane, due to the absence 
of a huge set of gluon interactions. Up to the order a/ 2 , displayed Eq. (|1.3|) , the terms may 
be derived from the so-called (generalized) Born-Infeld action |4|] 



£ = ST rv /det(5 mn + 2na' F mn ) = STr ^ c VlV2 ... Vn (trF 2 )^ 1 (trF 4 )^ 2 . . . (trF 2 

(1.4) 



with the coefficients 

/ 1 \ J2i Ui 1 1 

after expansion to fourth order in F and applying the rule of the symmetrized gauge trace 
STr. The latter "averages" over all group structures 

STr(Ai . . . A n ) := 1 Tr(A (1 . . . A n) ) , (1.6) 

with all permutations of gauge fields taken into account. 

However, the series ( |1 . 1|) departs already at the order a' 3 from this nice and closed 
form ( |1.4j ), due to the presence of F 5 and D 2 i 7 ' 4 -terms. Those terms appear with a 
C(3) factor in the effective action. While the D 2 F 4 can be fixed through expanding the 
four gluon string S'-matrix up to order a' 3 ||, the pure F 5 terms can only be fixed by 
computing a five gluon string ^-matrix ||. In fact, there are several important works, 
which investigate the structure of the higher order a' gauge interaction terms in the string 
effective action. However, only F 4 ,D 2n F 4 and F 5 ,D 2n F 5 terms have been thoroughly 
investigated on the basis of the four- and five-gluon string S'-matrix results, respectively 
since only those two amplitudes have been calculated JiyfJ. However, to probe the 



full a/ 4 order of (|1.1| ), one has to compute six-point gluon scattering amplitudes. This 
amplitude comprises the necessary information to obtain the structure of the F 6 and also 
D 2n F 6 -terms. 



a' 


1 


F 2 






a' 1 





F 3 


D 2 F 2 




a' 2 


C(2) 


F 4 


D 2 F 3 


D 4 F 2 


a' 3 


C(3) 


F 5 


D 2 F 4 


D 6 F 2 


a' 4 


C(4) 


F 6 


D 4 F 4 


D 2 F 5 


a' 5 


C(5) 


F 7 


D 6 F 4 


D 4p5 D 2p6 



Table 1: Higher order F-terms appearing at a 
given a' -order in the supersymmetric D-brane action Eq. (1.1). 



The expected higher order a' gauge interaction terms are displayed in Table 1 up to a' 5 . 



The terms in bold are the interactions, which contribute to the series (LI), while the others 
may be eliminated (cf. the comment below ( |1 . 1|) ) . Furthermore, we show the respective 
zeta-function coefficients of those terms in the effective action. 

Computing the six gluon string ^-matrix in superstring theory is the main part of the 
present article. More concretely, we calculate the superstring tree-level S'-matrix with six 
external gauge bosons. The latter are represented by open strings, hence the string world- 
sheet topology of this scattering process is a disk. Furthermore, we present the relevant 
material, which is needed for any open string six-point scattering process involving six open 
strings: the integral representations of the triple hypergeometric function, various identities 
between multiple hypergeometric functions and Euler-Zagier sums. Calculating tree-level 
string ^-matrices with more than five external states is certainly quite challenging from 
the technical point of view. In fact, so far only string tree-level amplitudes involving five 
external states have been elaborated. More precisely!, five gluon tree-level amplitudes 
have been determined in the heterotic string in Ref. [ill, while in the type / superstring 



2 From the technical point of view, five open string tree-level amplitudes are related to e.g. 
three open and one closed string disk amplitudes [PJ. Note, that in Ref. [ pL 0| | a specific tree-level 
string amplitude with two open and two closed strings has been calculated. On the disk, this 
amplitude is related to an open string six-point function of a very special kind, which has made 
tractable the problem. 
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in Refs. [T%M- Hence, it is appropriate to state, that this is the first work, where the 
problem of tree-level string amplitudes involving six external states has been addressed. 

We find a very powerful trick, to tackle the problem of calculating iV-point tree-level 
string S-matrices in the superstring. More precisely, in order to guarantee a total ghost 
charge of —2 on the disk, two vertex operators of the iV gluons have to be chosen in the 
(— l)-ghost picture, while the remaining N — 2 vertices are put into the zero-ghost picture. 
However, we are completely free, which pair of vertex operators we choose to put into the 
(— l)-ghost picture. There are ^ j = |(iV — 1)N possibilities, which all have to lead to 
the same result. For a given space-time kinematics each of these choices leads to a seem- 
ingly different expression. Quite generically, such an expression is given by some multiple 
hypergeometric functions, multiplied with some polynomials in the kinematic invariants 
and some T-functions depending on the latter. All these expressions have to be equated. 
This gives a set of non-trivial relations between different hypergeometric functions, which 
allows us to express many of them in terms of just a few. These identities represent alge- 
braic equations between different multiple hypergeometric functions. Their solution gives 
the ingredients of the string S-matrix. Many of the identities between hypergeometric 



functions we obtain by the above procedure cannot be found in the literature, see e.g. fig) . 
Hence, from the mathematical point of view identities between different hypergeometric 
functions may be inferred from higher point string tree-level amplitudes as a result of 
supersymmetry. We shall point out, that the above described symmetry, following from 
world-sheet supersymmetry should not be confused with the cyclic invariance of a gluon 
string S'-matrix. Applying this symmetry on a given amplitude would also lead to seem- 
ingly different expressions for one and the same kinematic structure. Equating the latter 
would also give a system of equations. However, this system is much smaller, in fact too 
small, to write down the full string S'-matrix in terms of a few functions, which in contrast 
is possible using the above described trick using world-sheet supersymmetry. 

There is a striking relation between multiple Gaussian hypergeometric functions or 
their integral representations, which are the relevant objects for tree-level string calcula- 
tions and zeta-functions of various kinds, which play a key role in modern number theory. 
A simple example for this relation may be given by the following integral (a's > — 1): 



f dx f dy (l-xyT'*- 1 = ^ = C(2)-a / a C(3) + (a's) 2 C(4)-(e*'s) 3 C(5) + . . . . (1.7) 
Jo Jo as 



This integral may calculate the a/-expansion for a certain kinematics of a five-point string 
amplitude with s being some kinematic invariant. Besides, H n is the harmonic number 
(c/. section 4 for more details). Similarly, one may derive 

/ dx I dy f dz(l-XF) a ' s - 2 = C(2)+a's[C(2)-2((3)] 
Jo Jo Jo h g) 

+ {a'sf [ C(2) - 2 C(3) + \ C(4) ] + • • • 

accounting for a certain (simplified) six-point scattering processi. In the above two ex- 
amples the basic Riemann zeta-functions appear. The latter are given by the following 
integer sum: 

oo 

C(s) = $>- , s>2. (1.10) 
Generalization of them are the multiple zeta values, e.g.: 

x: 

C{si,s 2 ,s 3 )= V , si > 2 , s 2 ,s 3 > 1 , (1.11) 

' m, m, 

m i —1 1 Z o 

771 3 < 2 <TTT^ 

which appear in the integral: 

jT 1 dx £ dy £ dz ^"^a = C(2) - a'a C(3) + {sa'f C(2, 1,1) + ..., (1.12) 

with C(2, 1, 1) = C(4)- A class of integrals, similar to (ITS) and ( |1.12| ) may be evaluated 
by calculating the relevant multiple zeta values or related Euler sums (c/. section 4 for 
more details). However, the a'-expansion of the full disk six-point string S'-matrix, which 
is eventually expressed through some triple hypergeometric functions, generically leads to 
new types of zeta-functions. The latter are multiple sums over integers, which in most of 
the cases we have to evaluate case by case. One simplified example is the following type: 

dx I' dy f 1 dz (1-^ ' (l-i/*) at = c(2) _ a > {s + t) c(3) 

{1-xyzY (L13) 

+ a' 2 [s 2 + t 2 + 7 - st] C(4) + ... ■ 



o 



3 Due to the nine kinematic invariants the integrands, which appear in any six-point scattering 
process on the disk, are combinations of the nine polynomials: 

x , (1-x) , y , (1-y) , z , (l-z) , (1-xy) , (1 - yz) , (1 - xyz) . (1.9) 

Their integrals may be expressed through the triple hypergeometric function (cf. section 4). 
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Extracting from the above integral the second order in a' requires to evaluate the following 
triple sum 

oo _ 

y ^ = - c(4) (i.i4) 

mi 1712 + m 3) ("7-2 + m 3) ( m l + rr ^2 + m z) 4 

TTL<i — 1 

among others. The evaluation of those sums, which is the topic of subsection 4.5 is closely 
related to the subject of Tornheim double series, Witten zeta-functions and multiple Eu- 
ler/Zagier sums. Those sums generically may not be simply expressed by the Riemann 
zeta-function. An example of a Witten zeta-function is 

oo 1 

W(a,b,c)= a b~( T v- ' ( L15 ) 

m,n=l ' 

which also occurs after expanding the triple hypergeometric function w.r.t. a'. 

Just as special values of the Riemann zeta-functions ( |1.10| ) are related to the Eu- 
ler characteristics of moduli spaces M. g of Riemann surfaces of genus g, i.e. x{M g ) ~ 
C(2g), 9 > 2, special values of the encountered new types of zeta-functions calculate the 
volume of certain moduli spaces of vector bundles of curves. Hence the a/ -expansion of 
our six gluon disk amplitude may perhaps be related to some geometric setup described by 
the relation between the triple hypergeometric function and new types of zeta-functions. 

While computing string amplitudes with external gluons allows to determine ( |1 . 1| ) 
directly by means of extracting the relevant parts of the effective action from the string 
^-matrix amplitude there have been presented some indirect approaches to tackle this 
problem: By matching the open string spectrum with a spectrum following from a higher 
order Yang-Mills action one obtains information about the higher order terms in ( |1 . 1| ) , 
see Refs. @,^5l and Refs. [|16[ for a review. More recently, an other approach has 



been suggested |]17|] : Requiring the existence of certain BPS solutions to the equations of 
motions allowed to propose the a /4 -part of (|1.1|) . Since all those approaches are indirect, 
in particular based on field-theory, it is certainly important to check these findings against 
the results derived from the string amplitudes ||18|| . Moreover, the various transcendental 
zeta values C(3), C(5), C(3) 2 , ■ • • , which appear in the a'-expansion of the six gluon string 
S'-matrix, are certainly hard to obtain in any field-theory approach. 



Our results may be summarized under the following three points: 

• An efficient method to calculate supersymmetric iV— point tree — level string 
amplitudes is presented. 

• The six gluon open superstring disk amplitude can be expressed through a basis 
of six triple hypergeometic functions, which encode the full ol — dependence. 

• Material to obtain the a — expansion of these functions is derived : We calculate 
many multiple Euler — Zagier sums including multiple harmonic series. 



2. Tree— level scattering of open superstrings on Dp— branes 

2.1. Open superstring gluon S -matrix 

In the following we study the gauge dynamics on the Dp-brane world volume with 
sixteen supercharges. Our discussion holds for both type I or type IIA/IIB superstring 
theory. The gauge interactions are described by an effective .D-brane action of the sort 



(LI), which is derived from open string scattering amplitudes. The a'-expansion of the 
latter reproduces certain interaction terms of the effective action. The massless open 
string states of a Dp-brane are the gauge vectors A M , which are the longitudinal massless 
excitations of the iVS'-ground state and the gauge fermions ijj^ originating from the R- 
ground state, with \i = 0, . . . , p. The .Dp-brane fields ip^ and A M obey Neumann boundary 
conditions. In addition, there are the fields with transverse index \i = p + 1, . . . , 9, which 
obey Dirichlet boundary conditions. Here, we shall not discuss their contribution to the 



.D-brane action. Their effects may be deduced from T-duality Hence, without loss 



of generality, we may focus on an unwrapped D9-brane, i.e. p = 9. The latter carries 16 
supercharges. Hence, for concreteness we perform our calculation in an uncompactified 
D = 10 type / superstring background with SO(32) gauge group. This is no restriction on 
the dimension nor on the gauge group of the .Dp-brane. It only means, that no transversal 
oscillations of the branes are allowed and the fields A 11 , ip^ with \i = 0, . . . , 9, live on the 
-D9-brane world-volume. Qualitative different results are only to be expected for D3 
branes due to the reduced number of kinematic invariants in four space-time dimensions 
(cf. comments following later). 



A string S-matrix An of N external gluons with momenta ki, polarizations £j and 
color indices may be formally arranged as the sum: 

A N (k l7 ^ ai ;...; k N , Cv- a N ) = ]T Tr(X^X^ . . . A* . (2.1) 

7T G (1,2,. ..,N) 
(N — 1) ! permutations tt 

The sum runs over all (N — 1)! cyclically inequivalent permutations (tt(1), 7r(2), . . . , tt(N)) 
of the N gluons, labeled by the N integers i, with i = 1, . . . ,N, i.e. % G Sn/Zn- The 
matrices A a are the Chan-Paton factors describing the gauge degrees of freedom of the 
open string end points. Hence, they are in the adjoint representation of the gauge group 
under consideration. Throughout the whole article Tr denotes the group trace over the 
Chan-Paton factors A a in the adjoint representation. On the other hand, the trace tr 
accounts for the trace over the Lorentz-indices (fx, v) of the gauge field strength F^ v . 

In the string S'-matrix the external gauge bosons are asymptotic states incoming 
and outgoing at t = ±oo. For any open string scattering the string world-sheet may be 
conformally mapped to a Riemann surface with boundaries. The external states are created 
through vertex operators inserted at the boundary. For open string tree-level scattering 
the world-sheet topology becomes a disk. The latter may be conformally mapped to the 
upper half plane Imz > with the real axis as its boundary. Hence, all vertex positions z\ 
are located along the real axis, i.e. Z\ G R. The gauge boson vertex operator is given by 

V[~ 1] (z, k) = X a ^ e~^ z) ^(z) e lk " x " {z) (2.2) 

in the (— l)-ghost picture, and by 

v[°J(z, k) = X a ^ [ dX»(z)+i (hp) V(z) ] e ik " x "^ (2.3) 

in the zero-ghost picture. Here, £^ and k^ 1 are the polarization vector and space-time 
momentum of the gauge boson, respectively. The latter obey the on-shell constraints 
£>*ki* = and k 2 = 0. 

The string S'-matrix (|2.1| ) becomes (N > 3): 
«4jv(fci, 6.) Q-i] . . . ; /cat, £tv, a at) 

N 

= VCKG II / d " Z r V£>(Z2) Vj&M 

r=l J 



V 



(0) 



A a N 



M) 



(2-4) 
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Here, Vqkg is the volume of the conformal Killing group _PSX(2,R), which leaves the 
boundary (Im(z) = 0) of the disk fixed. Two vertex operators have to be chosen in the 
( — l)-ghost picture ( |2.2| ) and the remaining N — 2 in the zero-ghost picture, in order to 
guarantee a total ghost charge of —2 on the disk. This requirement is a consequence of 
the super diffeomorphism invar iance on the string world sheet. On the disk the conformal 
Killing volume V^ji G is cancelled by fixing three positions and introducing the respective 

N 

c-ghost correlator. We have total momentum conservation ^2 ki = for the iV external 
momenta ki. 

Essentially to calculate the string S'-matrix An, the main work consists of deter- 
mining, for a given group ordering 7r, the function A* contributing to ( |2.1| ). The latter 
captures the full space-time kinematics to all orders in a'. In Eq. ( |2.4| ) the contribution 
of a given group contraction Tr(A 7r ( 1 -'A 7r ( 2 - ) . . . A 71 "^**), described by a permutation 7r of the 
iV indices i, is given by specifying the integration region 

1- IT = { lnx{Zj) = | Z v (i) < Z n ( 2 ) < ■ ■ ■ < ^Tr(TV) } (2.5) 

along the boundary of the disk. Hence we may write: 
TrfA^A^.-.A 7 ^) A n 

r N 

= Vckg / II ^ M v a^ ] M v i°i M ■ ■ ■ V P» M)- 

JZtt j = l 

(2.6) 

For the moment, in Eq. ( |2.4| ) we have chosen the first and second gauge boson vertex 
operator in the (— l)-ghost picture, while the others are in the zero-ghost picture. To 
clearly mark this, in the following we shall write for ( |2.6| ): 

A n = ^(1,2,3, ...,N) . (2.7) 

Later we shall relax this special choice. Hence, in the following, the argument of 
A n (a, 6, i±, Z2, • • • , in -2) should indicate, that the pair (a, b) of gauge vertex operators has 
been chosen to be in the (— l)-ghost picture, while the others ik are taken in the zero-ghost 
picture. We should point out, that this ordering is independent of the group structure and 
we could equally calculate all group contributions A n by one and the same choice, e.g. with 
the first and second gauge vertex in the (— l)-ghost picture (|2.7|) . However, as we shall 
see in a moment, relaxing this choice will lead to non-trivial relations between different 
expressions for one and the same group structure tt. 
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The correlator in fl2.4|) or ( |2.6| ) may be evaluated by performing Wick contractions. In 
effect the correlator decomposes into products of various two-point functions. The latter 
are basic on the disk and given by: 



(X»(z 1 )X v (z 2 )) = -g^ ln(zi-z 2 ) 



z\ - z 2 



^ e ik 1 X(z 1 ) e ik 2 X(z 2 )^ = \ Z\ — Z2 



(2- 



zi - z 2 

Throughout the whole article we shall work with the convention a' = \. 

2.2. Four gluon open superstring S -matrix revisted 

The open string disk scattering of four gauge bosons is summarized in the string 
S-matrix: 

Mh, £1, ai; k 2 , 6, a 2 ; fc 3 , a 3 ; fc 4 , o 4 ) = ]T ^(^(1)^(2)^(3)^(4)) ^ 

7T £ (1,2,3,4) 
6 permutations 7r 

(2.9) 

The sum runs over all six cyclically inequivalent permutations tv of the four external gluons 
labeled by 1,2,3 and 4. For the group structure Tr(A 1 A 2 A 4 A 3 ), i.e. tt = (1,2,4,3), the 
function A 71 is given by |l|,^| 

^(1,2,4,3) = ^fr) rCfl { fu + ^ + ^ + ___ ] ? 

(2.10) 

with the three Mandelstam variables s = k\k 2: t = k\k^ and u = kik^, with s + t + u = 0. 
The dots stand for other kinematical contractions of the form {H){ik){^k). With ( |2.10| ) 
the full four gluon string S'-matrix ( |2.9| ) may be obtained by relabeling gluon indices. 
Furthermore, its field-theory interpretation, which leads to the terms displayed in ( |1.3| ), 
is fully understood [Q. However, in this subsection we shall discuss the four gauge boson 
string S'-matrix ( |2.1U| ) from a different perspective. 

In fact, rather than studying the amplitude ( |2.9j ) for a given (fixed) pair of gluon 
vertices in the ( — l)-ghost picture, we allow for any pairings. Hence we shall focus our 

11 



attention on the more general expression (cf. also Eq. (|2.6|) ): 

Tr(A 7r(1) A 7r(2) . . . X n{N) ) A n (a, b, i, j) 

= Vckg [ f[d 2 z r (V£\za) V£l\z h ) V$2 t [Zi) V$ (Zj)) 



(2-11) 

with some permutation (a, 5, i, j) G (1, 2, 3, 4) of vertex operators. According to the defini- 
tion (|2.11[) , any choice, e.g. (a, 5, = (1, 4, 2, 3) would be as good to determine the full 
^-matrix ( gjjj) . 

After performing the Wick contractions in ( 2.11 ), with (2^8) we obtain the following 
expression for ( |2.11| ): 



A*(a,b,i,j) = AZ(a,b,i,j) (Ub) 

+ AJ(a,b,i,j) (Ui) (^ j )+AJ{a,b,j,i) (Uj) 

+ B%(a,b,i,j) (Ub) + B$(i,j,a,b) + B?{a,i,b,j) (Ui) 

+ B?(a,j,b,i) [Uj) + B?(b,i,a,j) + B?{b,j,a,i) 

with the following integrals: 

kikj ( — 1 ) 



(2.12) 



Ai(a,b,i,j) = / dz 4 (c(zi)c(z 2 )c(z 3 )) £ 

Jx n z ai Zjb Zij Z a }j 

A%(a,b,i,j) = J dz 4 {c(z 1 )c(z 2 )c{z 3 )) £ 2 2 (1-kikj) , 

Jin Z ab Z ij 

Bi(a,i,b,j) = / dz 4 (c(zi)c(z 2 )c(z 3 )) £ — - — 

7l T z ab z ij 

(ibki)(ijka) (ibki)(jjk h ) _ (ibkj)(jjki 



ZajZbi Zai z bj Z a iZfjj 



B%(a,b,i,j)= j dz 4 (c(zi)c(z 2 )c(z 3 )) £ \ ^\ ( (£ik b )(£jk b ) - {€ih){€jka) 

Jin Z ab Z ij I z aj z ib 



z bj z ia 



B%(i, j,a,b) = / dz 4 (c(zi)c(z a )c(zs)) £ 

Jin 



1 f (iaki)(ibkj) (i a kj)(ibki 



z ab z ij Z a iZi)j Z a jZ})i 



(2.13) 

with the three positions z\,z 2 and z 3 fixed due to PSL(2,~R) invariance on the disk. In 
addition, we have introduced £ = Yl \z rs \ krks . The region of the ^-integration (|2.5| ) 

is determined by the group structure 7r under consideration. From the sum ( |2.12| ), the 
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meaning of the above five functions becomes clear: While the functions appear in front 
of the (CO (CO contractions 

AUaAhj) (Ui)(tej) , AZ(a,b,i,j) (UbXtitj) , (2-14) 

the functions £?J capture the contractions (£0(£^)(£^) : 

B?(a,i,b,j)(Ui) , B%(a,b,i,j)(Ub) , B%(i, j, a, b) . (2.15) 

The crucial difference between the two functions A\ and A\ is, whether the polarizations 
£ a , Cfe °f f ne t wo vertices a and b in the (— l)-ghost picture are contracted among themselves 
(i.e. leading to the kinematics (£«£&)) or contracted with the other polarizations £i>£j> 
respectively. Similarly, the two functions and -Bf account for the two different cases, 
whether the polarization £ a is contracted with £b or one of £i>£j) respectively. Moreover, 
the function S3 captures the case, when both £ a and Cb are contracted with momenta. 

In each amplitude A 77 (a, 6, i, j), for a given permutation (a, 6, i, j) G (1, 2, 3, 4) all pos- 
sible space-time kinematics show up once. E.g. the kinematics (£1^2) (£364), (£i£3)(£2£4) 
and (CiC4)(C2Cs) show up once. However, the five functions A r , B s in front of those kinemat- 
ics are different depending on the permutation (a,b,i,j) G (1,2,3,4) under consideration, 
i.e. which vertex pair (a, b) we have put into the (— l)-ghost picture. More concretely, for 
the given kinematics 

(Ui B ) {icio) (2.16) 

for one and the same group contraction tt we obtain the three seemingly different looking 
expressions 

AUAC,B,D) , AUAD,B,C) , A^(A,B,C,D), (2.17) 

depending on which pair of vertex operator has been put into the (—1) ghost picture. 
Recall, A1(A, C, B, D) is the function with the gluon vertices A and C in the (— l)-ghost 
picture, while A\(A, D, B, C) with A and D and A$(A, B, C, D) with A and B singled out. 
In other words, the three functions A^ are associated to taking the pairs (A, C), (A, D) or 
(A,B) of vertex operators in the (—1) -ghost picture, respectively. However, they all refer 
to the kinematical contraction (£a£b)(£c£d) with the same group structure tt. Hence, 
they all have to be equal as a result of just choosing different pairs of vertex operators in 
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the (— l)-ghost picture. In total, for the contractions we obtain the following set 

of equations (for a given group contraction tv) : 

: Alii, 2, 3, 4) = Alii, 3, 2, 4) = A? (1, 4, 2, 3) , 
(66X66) : Af (1, 3, 2, 4) = A?(l, 2, 3, 4) = A? (1, 4, 3, 2) , (2.18) 
(66) (66) : ^2 (1, 4, 2, 3) = A? (1, 2, 4, 3) = A\ (1, 3, 4, 2) . 

Let us focus on the group theoretical factor Tr(A 1 A 2 A 4 A 3 ), i.e. it = (1,2,4,3). We fix the 
first three vertex positions to Z\ = —z 00 ,z 2 = and z 3 = I, i.e. {c{zi)c{z2)c{zz)) = —2^, 
with = 00. According to (|2.5[) , for J n we integrate 24 from Z4 = until 24 = 1. Then 
the integrals A™ in ( |2.13| ) can be written for n = (1, 2, 4, 3) 

A£(1,2,3,4) = ( S -1)F 4 , A?(l, 3,2,4) = F 3 , AJ(1, 4, 2, 3) = u Fx , 
A£(l,3,2,4) = (i-l)F 5 , A?(l,2,3,4) = -s F 3 , Aj (1,4,3, 2) = —u F 2 , 
AJ(1,4,2,3) = («-1)F , A?(l,2,4,3) = aFi , A?(l, 3, 4, 2) = -t F 2 , 



with the integrals: 



and the polynomials: 



Fj = dx Pj x*(l - x) 1 
Jo 



(2.19) 
(2.20) 



PQ — 1 5 -Pi — 7 5 Pi — — ) 

x — 1 X 

rj 1 p 4 1 P 5 = J_ 

x(x — 1) ' (x — l) 2 ' X 2 



(2.21) 



Equating the functions (|2.19| ) according to (|2.18|) yields the following system of six equa- 



tions for the six functions Ff 



(s-l) F 4 = uF 1 , is- 1) F 4 = -t F 3 

it -l)F 5 = -s F 3 , it- 1) F 5 = -u F 2 (2.22) 
iu - 1) F = s F x , iu- 1) F = -tF 2 . 

Their solution may be written: 

p _ u ~ 1 F p _ 1 ~ u p 

t*l — ^0 > ?1 — — - — , 

s t 

u(l-u) _ u{l-u) u(l-u 

-^3 — ~ -TO , F4 — — r- fQ , 1<5 



(2.23) 



st u ' * a (1-8) u ' ° til-t) 
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Hence, all functions Fj may be expressed by one single function Fq 



Fj = Aj{s,t,u) F 



(2.24) 



with some momentum dependent factor Aj like it is given in Eqs. ( |2.23| ). Of course, the 
integrals ( PT20D are easy to determine with Eq. (4.1). The relations (p.23| ) may be directly 
checked using the basic identity T(x + 1) = x T(x). More concretely, we obtain: 



r(s + l) T(t + 1) 
T(2 + s + t) 
T(s) T(t) 



F\ 



m rft + i) 
r(i + s + t) 
r(a-i) r(t + i) 



, _ r( 8 + i) r(t) 
2 r(i + s + t) 
r(a + i) r(t-i) 



(2.25) 



r(s + t) ' * r(s + t) ' r(s + t) 

However, what this exercise shows is, that with changing the ghost-picture of the vertex 



operators we obtain different integrals (|2.17|) for the kinematics (£a£b)(£c£d)- These 
expressions have to be equal and we obtain a system of equations, which allows us, to 
express all integrals A™, given in ( |2.19| ), in terms of a single integral. In the concrete case 
(|2.23|) , this integral is Fq. We have some freedom, which integral we want to choose to be 
left over. The integral F3 could also have been taken. In fact, for higher gluon scattering, 
it proves to be very convenient to choose an integral, which does not lead to poles in the 
kinematic invariants. For such an integral its power series in the kinematic invariants may 
be easier derived. 

Similar statements hold for the kinematics (££)(£k)(£k) referring to a fixed group 
structure 7r. More concretely, consider the kinematics 



(2.26) 



with fc, k accounting for a set of momenta subject to momentum conservation. In other 
words, the kinematics ( |2.26| ) readily stands for four independent space-time kinematics. 
According to ( |2.15| ) the six functions 



B%(A,B,C,D) , B?{A,B,C,D) , B?(A,B,D,C) 
Bl{B,A,C,D) , Bl{B,A,D,C) , B%(A,B,C,D) 



(2.27) 



appear in (|2.12|) and are relevant to the kinematics ( |2.26| ). They refer to the six cases, in 
which one of the pairs (A, B), (A, C), (A, D), (£?, C), (B, D) or (C, D) of vertex operators 
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is put into the (— l)-ghost picture, respectively. Similar, as in Eq. (|2.18|) all these six 
functions ( |2.27| ) have to be equated. Since, after definition, the latter still contain some £/c 
kinematical contractions, what has to be equated, is the relevant piece of those functions 
referring to the same scalar product (£k)(£k), after applying momentum conservation. 
Hence, in what followsS one obtains actually twenty equations, which give rise to relations 
between different integrals of the type (|2.20| ). After considering all possible kinematics, in 
addition to the polynomials ( |2.21| ), the following set 

1 x 1 



x(x-l) 2 ' ' (x-1) 2 x 2 (x {22%) 

_ x-1 _ x-1 X 

-T9 — j -H.0 — T~ 1 -Til — 7 

X X A X — 1 

appears. The equations following from equating ( |2.27|) for all possible kinematics provide 
the relations between the integrals fl2.20|) associated to ( |2.28| ) and F : 

Fq = F4 — Fs , F 7 = Fx + F 4 , F 8 = F 3 — F 5 , 

(2.29) 

Fg = Fq — F2 , Fiq = F2 — -F5 , Fn = Fo + F2 + Fs . 

In addition, the identity F\ — F% = Fs appears. Of course, the latter relation, which is 
satisfied by the solutions ( |2.25| ) is just a consequence of P1 — P2 = P3, i. e. — ^ = x ^_ 1 - ) ■ 
Though, the identities ( |2.23| ) are easy to prove in the case at hand, the strategy, 
outlined above for the four-gluon scattering, yields non-trivial identities in the case of 
gluon amplitudes involving more than four gluons. From Eq. ( |2.23| ) we deduce, that those 
identities involve rational polynomials in the Mandelstam variables s, t and u. These 
polynomials account for the pole structure of the given kinematics, while the function 
through which all other functions are expressed may be chosen to be simple in the sense, 
that it does not contain poles. E.g. in the case above, the function Fo has the power series 
w.r.t. to the Mandelstam variables s,t, u 



F = l- s -t + s 2 + 2st- C(2) s t + t 2 + . . . , (2.30) 

i.e. it is finite w.r.t. to all invariants. Hence all pole structure of the amplitude is encoun- 
tered in the rational polynomials in front of the function Fq, i.e. they follow from solving 
the algebraic equations ( |2.22| ) through expressing all functions Fj,j > 1 through Fq. 



4 More concretely, e.g. in the case A = 1,B = 2,C = 3 and D = 4 one reduces the functions to 
the kinematics (£3^1) (£4^2) and (£3/02) (£4^1) [and (£3/21) (£4^1) and (£3^2) (£4^2)] by eliminating 
the combinations £3^4 and £4^3 as a result of momentum conservation. 
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In the case of more than four gluons, those identities allow to express each integral 
accounting for a specific kinematics through a linear combination of integrals without poles, 
such that the full pole structure originates algebraically. In fact, the case with six gluons 
shall be discussed in the next section, while the five gluon case is revisted in section 6. 

3. Six gluon open superstring S— matrix 

In the following we study the string ^-matrix describing the string tree-level scattering 
of six gauge bosons on the disk (N = 6 in ( |2.4| )): 

A 6 (h, £i, ai; k 2 , £2, ^2; h, £3, a 3 ; h, £4, a 4 ; h, £5, a 5 ; fc 6 , Ce, a 6 ) 

= Vckg fl / d 2 z r {vfrPW V^\z 2 ) Vj&fa) vj&M Vi° a \(z 5 ) vP 6 (z 6 )) . 

r=l J 

(3.1) 

We have total momentum conservation: 

6 

h = (3.2) 

for the six external gluon momenta fcj. Furthermore, we have chosen two gauge vertex 
operators in the (— l)-ghost picture in order to guarantee a total ghost charge of —2 
on the disk. The basic ingredients to start with have been presented in subsection 2.1. 
However, one has to keep in mind, that the case p = 3 is special, since in that case the 
six order Lorentz invariant trF 6 may be expressed by the other two (trF 2 ) 3 and tri ?2 tri ?4 
invariants. In the scattering process of six gluons this difference manifests in a reduced 
number of kinematical (space-time) invariants. Later we shall comment on this issue. 

Recall, that the four-gluon string S'-matrix A4, discussed in the previous subsection, 
gives rise to the following two kinematical structures (££)(££) an d (£0(£^)(£^) entering 
( p,10|) . At order 0(k 4 ) in the external momenta, both kinematics comprise parts of the 
same higher order gauge interaction terms F A in the effective action as a result of gauge 
invariance. This means, that these interaction terms may be completely inferred from the 
first contractions H, while the string S'-matrix result for the second kinematics 

ma y De related to the first one. The explicit evaluation of the correlator in Eq. 
( |3.1| ) leads to a sum of integrals with various different (space-time) kinematic contractions 
as coefficients. More precisely, we encounter the three kinematical structures 
(£0(f0 and (£0 which in the following will be denoted by A, B 

and C-kinematics, respectively. Their contributions in the effective action are all related to 
each other through gauge-invariance. In other words, the effective action at a given order 
in the external momenta, may be reproduced from a particular class of those kinematics. 
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3.1. General expression for the amplitude 

In Eq. (Q we have chosen the first two gauge vertex operators in the (—1) -ghost 
picture. We have already stressed in the previous subsection, that we are free to choose 
which pair (a, b) of the six gauge vertex operators we put into the (—1) -ghost picture. 
Hence, according to the definition (|2.7|), for a given group structure described by the 
permutation n, instead of the particular choice in ( |3.1| ), we may generically consider the 
expression 

r 6 

^^(1)^(2)^(3)^(4)^(5)^(6)) A K (a,b,i,j,k,l) = Vckq / IT ^ 

{V^l\z a ) V{-P(z b ) y$(*) vP^zj) V{°j k (z k ) v{°Mzi)) , 

(3-3) 

with some permutation (a, 6, k, I) G (1, 2, 3, 4, 5, 6) of vertex operators. In Eq. ( |2.1|) , we 
have explained, how this term contributes to the full string S'-matrix ( |3.1| ). 

After performing the Wick contractions the correlator in (|3.3|) decomposes into prod- 
ucts of various two-point functions, given in Eq. (|2~8|): 

A"(a,b,i,j,k,l) = v£ G / l[d 2 z r Yl \2 Al 

(a,b,i u i 2 ,h,n) (66J (66J (6 2 6 3 ) 



e(i,j,k,l) 



1 1 

+ - A 2 (a,b,ii,i2,i3,h) (66) (6i6 2 ) (6 3 6j + j B 2 (a,b,ii,i 2 ,i 3 ,i4) (66) (6i6 2 , 



1 1 

+ - B 1 (a,b,i 1 ,i 2 ,i 3 ,n) (66J (66 2 ) + g B4{ii,i2,k,H,a,b) (6 3 6j 

+ ^ B 3 {a,i 1 ,i 2 ,i 3 ,b,H) (66J (6 2 6 3 ) + g ^3(6, ii, i 2 , 13, a, u) (66J (6 2 6 3 ) 
+ 24 Ci(a,6,ii,i 2 ,«3,*4) (66) + 7 C 3 (ii,i 2 ,a,b,i 3 ,u) (616J 



+- C 2 {a,ii,b,i 2 ,iz,u) (661) + ^ C 2 (6, ii, a, i 2 , i 3 , 14) (661) 
o o 

(3.4) 

In Eg. ( PH ) in front of the contractions (£ &) (66) (66) and (66) (66) (66) there 
appear the two basic functions .Ai (a, 6, i, j, fc, Z) and A 2 (a, 6, z, j, k, I), given by 

Ai(a b i j k I)- £ ' ( fcfc ^) ( k ik k ) (kjki) (hki) (l-kjk k ) 



2 

Zab Z a i I Z\\) Zjk Zij Z k [ Zlfj Zj k Z^ k Zj\ Z\\) Zn Zj^ 

S J (1 - hkj) (1 - fcfcfc/) {kikk) (kjki) , (/cj/cfc) 
A 2 (a,b,t 1 j 1 kJ) = — r <^ i — s * + J - 

Z a b I Z^j Z^ Zij Z k i Zik Zji Zij Z k { Zn Zj k 

' (3-5) 
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respectively, with: 



r <s 



In the following, we in particular shall need the integrated expressions 



(3.6) 



» 6 » 6 » 6 

r=l J^ir r=l J It r =l 



(3.7) 



which enter the expression (|3.4|) . Furthermore we have: 



Bi(a,b,i,j,k,l) = -£ 



Zai{£,kki){t,lki) 



Zaikikj 



kjkk 



kjki 



Z a b Z ^3 ZikZil \ZakZalZij ZakZalZij 



(£,kki)(£,ikj) f z a j(l kikj) kik]~ z a [k{k 



Z ab Zi 3 Z 3 lZkl 

(£,kh)(£ik k ) 



Z ab Z ij Z ikZkl 

(ikkj)(£iki) 



ZakZij 
Z a i{l 



Zik 



ki kj i 



Z ab Zi 3 Z U Z jk 



%al z ij 
ZaiZaj (1 



Zakkjkk KjK[ 

H h 



+ 



ZalZjk Z a kZjl 

(£kki)(£ih) 



ZqI z jk 



Zjl 



+ 



ZabZal Zbl Zij Zik 

{£kh){£ikj) 



ZabZakZbkZij Zjl 



Zai(l 



ki kj t 



ZakZij 
(1 



+ 



ki kj / 



ZalZ 



kjkk 

Zjk 

kiki 

Zil 



kikj 



ZakZalZij 
Zaj (1 kikj f 



ZabZal Zbl Zij Zj k 



Zaikikfc Z 

ZalZik 
kikfc 



ajkjki kkki 



Z ab Z ij Z jk Z jl 



ZakZij 

(1 — kikj 



+ 



ZakZjk Zfcl 



+ 



(£kh)(€ikk)(l - hkj) 



Zik 

kikj- 



ZabZak Zbk Zij Zn 



ZabZalZbkZijZkl 



kikj t 



ZalZij 



+ 



kjki 

Zjl 



Z ab Z ij Z jk Z kl 

(ikki)(£ikj) 



(1 



ZakZalZ 

ki kj / 
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Z ab Zi 3 Z ik Z jl 
2 

Z ab Z i-3 ZilZkl 



Zal Zij 
ZaiZaj 



k i kj 



ZakZalZij 



Zal Zik 
Zakkikfc 
Zal Zik 
) Z a ikikl 
ZakZil 



+ 



ki k 



ZakZil 



kiki 



+ 



(€kfo)(€ih)[i - hkj) 



ZakZalZbkZblZ 
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zu 



(£kki)(£ih)(l - kikj 



ZabZakZblZijZkl 



+ 



Zaj kj kk 



Zal Zjk 



ZaiiX 



ki kj t 



kjkk , Zaikjki 
+ — 1 — 



B2(a,b,i,j,k,l) = -£ 



ZakZij 

{£,kkj){£,iki) i z a j kikj 



+ 



ZabZbj Zil Zjk 

{ikkj){iih) 



+ 



Zjk Z a kZjl 

kikk z ajkjk\ 



Zai Zal Zbj Zbl Zj k 

(ikkb){iikj) 



Zai ZakZbj Zbk Zj I 

{ikkb){iik i: 



Zajkikj 
ZakZij 
Zaj ki kj 



ZakZalZij 
kikk 



ZalZik Z a iZ a kZjl 



kkh 

Zkl 



k k ki 

Zai Zkl 



+ 



Zik 

kiki 



kikj 



Zal Zij Zu 

kjki 



+ 



+ 



+ 



(tkh){tih) ( Zaikjh t kjkk 

ZabZbj Zu Zkl 

(£,kh)(£ih) 



kikj 



ZaiZakZjl Z a iZjk Z a f?Z 



Zai ki kj 



kjkk 
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kjki 



ZakZbj ZbkZil \Z a lZij Z a iZjl 



+ 



ZabZbj ZikZn 

(tkkj)(£ikj) 



ZakZalZij Z a lZjk 



Z ajhkj 



. Z a jkikk 



ZakZjl 
Zaj ki kl 



ZabZaiZbjZjkZjl \ Z a kZalZij Z a lZik 



ZakZil 
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(£,kki)(£,ikj) j z a jkikj kikk ZaihkA (£,kki)(£,ikb) f kikj kjkk 



Zik 


ZakZil / 


kiki 


Zaj kj k k 


ZakZil 


ZaiZalZ j k 


Zakkjkk 


kjkl \ 


ZaiZalZj k 


ZaiZjl / 



ZabZaiZbjZ jlZ k l \ Z ak Zij ^ik Z a kZil / ^al^bj^bl^ik \ZakZij Z a iZjk 

( z aj kj kj kjki z a j kj kk kkk i ^ (£,kkb)(£,ikk) kikj 



ZabZbj ZikZ jl \ZakZalZij Z a kZil Z a iZ a lZj k Z a iZ k l J Z a iZ a lZ j Z ok Zij Z k l 
(Ckki)($,lkk) ( kikj Zakkjkk kjki \ (£,kkb)(£,lkb) Zabkikj 



Zab^bj %ik%kl \Za\Zij Z a iZ a lZjk Z a iZjl / Z a iZ a kZal Z j Zj^kZ^lZij 

(Cfcfej)tefefc) f zgjkjkj ^ Zgkkjkk | kjkA | (£kki)(£ik b ) kjkj 



ZabZaiZbjZ j k Z k i \ Z a lZ{j Zal^ik Zn J Z a iZ a kZ})j Z\,\ZijZkl 

P( . . , , n c ) - 1) , {ibhmh) {jbkiMih 



^j/j V ZaiZdiZjjiZfji Z a i,Z a iZi,iZii Z a bZ a iZblZn 

+ ( MM* - 1) ma f kk, k jh 



ZabZaiZj kZjl \ Z a lZ\,iZjk ZfoZkl J Z a bZbkZilZj k \Za\Zij Z a iZjl 

(£bkj){£ikj) ( k k ki _ kjkk \ (Cb^KC^fe) f (z ak )(kjk k - 1) fcjfcj 



ZabZbj ZilZj k \Z a iZ k l Z a lZik J Z a bZaiZbiZ k l \ Z a lZjk Zjl 

hkj ( {jbkk){.iikb) | z ak {i h kk){iikk) | {jbki){jik k ) 



ZaiZij Zjk \ ZalZbkZbl Z a bZalZbkZkl Z a bZb\Zkl 

kjk k { (ibkj)(jik h ) z aj (i h kj){iikj) {jbki){jikj) \ 

ZaiZikZjk \ Z a lZ j Zfo Z a bZ a lZ j Zjl Z ao Z}jlZji J 



B 4 {i,j,k,l,a,b) = 



ZabZaiZbkZjkZjl \ Z a lZij Zn J Z a bZ a iZ j Zj k Z k l \ Z a lZi k Z\\ 

£ ( (l-k k ki) ( (£ a ki) (£ b kj) (£ a kj) (£ b ki) 



Zab Zij Zkl { Z k l \ Z a i Z j Z a j Zfo 

kjkk ( {iakj){ibki) _ {iaki){jbkj) \ kih_ ( (g a fcfc)(&fcj) _ (ggfcjX&fcfcA 



, - j + l ' ' J 

Zik \ Z a jZ}ji Z a lZ j J Zn y Z a kZ})j Z a jZ})k J 

kjkk ( (taki)(tbki) (£ a ki)(tbki)\ kjki ( (£A)(£6&fc) (.€akk)(£bki) 



+ 



Zjk \ Z a \Z\,i Z a iZbl J Zjl \ Z a iZbk Z a kZbi 

(1-hkj) ({UkkWbh) (tah){t b kl)\ 



Zij \ Z a kZ\)i ZaiZfrk I 



(3.8) 



Besides, the three functions: 

Cl ( a ,b,i,j,k,l) = -£ {A j k ^^k*b)(ZlH)Zqb ( (Ukbhab «i fc 3> (jjfcfc) <^ fc i) 

z ai z bj z bk z bl \ z aj z ak z al z bi z ak z al z ij z aj z al z ik z aj z ak z il 



z aj z bk z bl z ij 



( (Hik b )z ab (gjfcfc) (gjfc;) \ , (ej fc b)(gfcfej)(g;fcb) ( (Uk b )z ab (Ukj) (Jik0_ \ 

\ z ak z al z bi z al z ik z ak z ill z ak z bj z bl z ik \ z aj z al z bi z al z ij z aj z il J 

|_ C€j fc fc )(€fc fc b)(ezfc b ) f (jjkj) (Uk b ) z ab | (gj fc fc) z afc | (jihl ) | (Sj fc j ) (g fc fcj ) (g; fc ) ^gj / fc b ) (€jfc;) \ 
z ai z bk z bl z jk \ z al z ij z aj z al z bi z aj z al z ik z aj z il J z aj z ak z bl z ij z ik \ z al z bi z ab z il / 

, (ijki)(j k k b )(^k b ) f (Jjkj) (g i fc b ) 2ai , ( 6i k k ) (JjkQzgA (€jfcfc)(e fc fci)(g;fc b ) / (g^fcj) Ujk b ) \ 

z ai z bk z bl z jl y z ak z ij z aj z ak z bi z aj z ik z aj z ak J z aj z bl z ik z jk \ z ab z il z al z bi) 

|_ (^fc;)(g fc fej)«ifc b ) / (Sjkj) ( (i k b ) | (UkQzgt \ | (gjfcb)(gfcfcj)(€ifc b ) / (Hik b ) z ab ^i k j) z aj (jjfcfc) (^fc;) ^ 
z ak z bl z ik z jl \ z ab z ij z aj z bi z ab z aj z il J z ai z bj z bl z jk \ z ak z al z bi z ak z al z ij z al z ik z ak z il J 
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. (gjfcj)(gfcfej)(gtfcb) 

z ai z bl z jk z jl 



f (Sjkj)z aj (UH) | (UM I fe fc i) z ai V (?J fc i)(gfc fc b)(gi fc i) z ai f ijjkj) (U k k) \ 
\ z ab z ak z ij z ak z bi z ab z ik z ab z ak z il J z aj z al z bk z ij z il \ z ak z bi z ab z ik) 



( (Zikj 

\ z ak z i 



z aj z ak z bi z aj z ik~^~ z aj z ak z il 



z ai z bj z bl z kl \"ak"-i] 

, (gj fc fc)(gfc fc ;)(g; fc b) I (UH) (^ fc 3> (jjfefc>fafc di k O z 



jl (ii k b) z ab | Kjfcfc) | (Si fc z) z gi \ I (gj fc »)(gfc fc i)(gj fc b) ^ (jjfcfc) (jjfcb) | (jjfcilfai 







z aj z bl z ij z kl 
z i! y z al z bj z bk z il \ z aj z a 



ab z ik z ak z bi 



■ + 



z "b z afc z 



J.) 



z ai z bl z jk z kl \ z a j z bi z ab z ij z ab z aj z ik z ab z aj z 
(jj k l)(Zk k l)(Zl k b) z al ( (jjk b ) (Si k j) (gjfcfe) 



fcfc) <^ fc j) (jjfcfc) 

fc z bi z afc z ij z aj z ifc 



) 



z ai z bl z jl z kl 

. (€jfcfc)(e fc fcb)(gi 



(Si k l) z al 



z aj z ak z bi z ab z ak z ij z ab z aj z ik z ab z aj z ak z il 

(U k b) 



z afc z bZ z ij z jfc 



V z a 



! z bi z ab z iZ. 



z al z bk z il z jk 



_(jj k b)(ik k i)(il k i) z a i 
z ak z al z bj z ik z il 



(ijk b )(H k k j )U l k i ) 
z al z bj z il z jk 



fci) / fefcj) (gjfcb) , (Sjfcfc) z afc \ , (?j fc ;)(gfc fc b)(g;fci) / (€jfc fc ) (gjfcfc) \ 

\ z ab z ij z aj z bi z ab z aj z ik J z aj z bk z il z jl \ z ab z ik z ak z bi ) 

( (Zi k b) \ , «i fc b)(€jfci)(€ fc fci)« t fcj)^. (jfcfc i Hj L fe i ) £gi ( (ti k b)(ij k k) . (U k b)(ij k O \ 

\ z aj z bi z ab z ij J z ab z aj z ak z al z bi z ij z ik z il z ab z aj z bi z ik z il \ z al z jk z ak z jl J 

( (Zi k b) ^i k j) z aj d t k k ) \ (gfcfcjKgjfci) ( (Si k b)(jj k i) z ai (ejfc b )(gj fc i) ^ 

y z al z bi z ab z ak z ij z ab z ik J z a b z ak z bi z il z j k ^ z al z ij z jl J 

) 



. (Zj k b)(Zk k l)(Zl k i) I ^i k j) (jjfeb) 

z ak z bj z il z kl \ z ab z ij z aj z bi 



U k k l)Ul k j) 
z ab z aj z bi z il z kl 



(«ife b )(€,-fcfc) («ifeb)(?j fe i) z ai , tti k b)(Sj k l)*al 



z ak z ij 



z ak z jl 



_[_ (ejfcb)(S fc fcb)(g;fcj) / «ifc b )z ab (U k j) z aj (Ajk k ) (Zjkf) V (Sjfcj)(gfcfcb)(gi fc j) / (gjfcb) (€j fc fc ) \ 

z aj z bj z bk z jl \ z ak z al z bi z ak z al z al z ik z ak z il J z al z bk z ij z jl \ z ak z bi z ab z ik ) 

J_ (?jfcfc)(Sfcfcb)(e;fcj) / (€ifcj) z aj (gjfcb) | (gjfcfc) Zafc | (^fcj)A , (gjfcb)(gfc fc i)(gi fc j) / Ujfcb) (gjfcj) z aj ((jkQ 



z ai z bk z jk z jl \ z ab z al z ij 

' (iii k b)(Zj k i) z az (fjfcbXgj 



z a! z bi z ab z a! z ife z ab z iZ 



(€fcfci)(e;fcj) / < 

z ab z al z bi z ik z jl \ 



s afc z ij 



,)«j fc fcA 



+ 



(jj k b)(ik k j)(il k j) z aj I (jjk b ) (Zjkj)Zgj 

z ai z bj z jk z jl \ z ak z al z bi z ab z ak z al z ij z ab z al z ik z ab z ak z il 



z ak z bj z ik z jl 

(€jfcb)(gfc fc ;)(^t fc j 

z ai z bj z jl z kl 



'al z bi z ab z al z ij 



) / Ui k j) z aj (j 
\ z ab z ak z ij z a 



k b) | (S» fc fc) | 

fc 2 bi z ab z ik z ab 



O z al ] 
ak z il J 



+ 



(ii k b')(ijki)(tkkj)(ilkj)z a j 
z „ h z „ h z „ 1 z hi z i i fc z 



ab z ak z al z bi z ij z jk z jl 



(Uk b )(i j k i )U k k l )(a l k :j ) (£jfcbK£fcfcb)(£jfcfc) / (;jfc b )^ ab (£jfcj) (Hjk k )z ak ttjkQ 



z ab z ak z bi z ij z jl z kl 



z ai z bj z bk z kl 



z aj z al z bi z al z ij z aj z al z ik z aj z il 



, (ijk l )(i k k b )(H l k k ) / ((ikh) (Ajk k )z ak ^jk t ) \ 
z aj z bk z ij z kl \ z al z bi z ab z al z ik z ab z il) 



"aj ^bk^ij 

, ^j k k)^k k b)^l k k) z ak 
z ai z bk z ik z kl 

. (Sjfc;)(gfc fc b)(^t fc fc) 

z ai z bfe z j! z fe! 



z al z bj z ik z kl 



(Si fc b) | (ii k k) z ak 



z ab z al z ij z aj z al z bi z ab z aj z al z ik z 



( (jjfcb) (Si fc j) \ 

\ z aj z bi z ab z ij J 

(wo \ (ti k 

ab z aj z il J z c 



ab z aj z bi z ik z jl z kl 



( (U*j) 

\ z ab z ij 



Ui k b) i (ii k k) z ak | (Ai k l) z 
z aj z bi z ab z aj z ik z ab z aj z il 



al \ j (S»fcb)(gfcfci)(€jfcfc) /" (gj fc i) z ai (€i fc fc) z afc A 
z i! J z ab z aj z al z bi z ik z kl \ z ij z jk J 



z ai z bj z jk z kl 



(ijk b )(ik k j)(ii k k) ( (Uk b ) (e, i k j )z aj (e i fc fc )z nfc (^fc ; ) \ | (;jfcb)(gjfc»)(gfcfcj)(gifc fc ) 



z a( z bi z ab z al z ij z ab z al z ik z ab z il 



z ab z al z bi z ij z jk z kl 



C 2 (a,i,b,j,k,l) = -£ / Kfcfc6)«tfc6)»ab C «^ 



Kgjfe;) . (Sbfci)tejfcfc) (?bfci)(Sjfcb) z ab 



3 aZ 2 jfc 



) 



(?jfci)(gfcfci)(g;fcb) / (€ b fc,) (S b fc fc ) \ , (gb fc i)(e fc fci)(gtfeb) 

z aj z bl z ik z jl \ z ak z bi z ai z bk ) z ai z aj z bi z bl z kl 



z ak z al z bj 
(Sj k b) z ab (Sjfcfc) (gjfcj) 



z ak z bj 



z jk 



z ak z jl 



(Skki)(ilk b ) t (a b ki)^jk b )z ab | Ub k k )(.ij k b )^ ab | (gb fc i)(Sjfc») z a» | (gb fc j)(?j fc i) ! (Sb fc fc)(£jfc 
z al z bl z ik y z aj z ak z bi z bj z ai z aj z bj z bk z aj z ak z bi z ij z bj z ij z aj z bk z ij 



r) 



. (?jfcfc)(S fc fcj)(g;fcb) / (g b fcj | (£bfcj) | (S b k k )z ak 

z bl z ik z jk \ z aj z al z bi z ai z al z bj z ai z aj z al z bk 



| (£,-fci)U fc fc|)K|fc t ) / (€ b fcj) | (g b fcj) 

z ak z bl z ij z kl \ z aj z bi z ai z bj 



. (£j k i)(Ak k b)(£l k b) z ab 
z ak z al z bk z bl z ij 



( (jbhi) | (Sb fc j) ^ (ej fc i)(£fc fc j)(£;fcb) / _(«. 

V z aj z bi z ai z bj J z al z bl z ij z jk \ z a 



)(e fc fcj)(e;fcb) / (gfcfcj) , (ibkj)z aj g b k k ) 

l z bl z ij z jk \ z ak z bi z ai z ak z bj z ai z bk 



(ejfcb)(e fc fc b )(g;fci) z a b f (i b kj) , (gfefcQ \ . (ijk b )dLk k O(ii k i) ( a h k r) , (Sbfcfc) , (Sbfcj) z ai 



z aj z afc z bj z bfc z il 



(ijki)^ k k b )(^ 



z ak z bk z ij z 

. (gjfcj)(s fc fc b )(ii 



f(ii 

V z a 

= i fe i) (jb^j) 
\ z aj z al 



i z bl , 



z aj z bj z il z kl 



■+ ' ° K/ +- 

'ak z bi z ai z bk z ai z ak z bl , 



! z bi z al z bj z il z aj z bl z il 



(€jfcfc)(gfcfcb)(e;fci) / (gfefcj) , (S b fcj) ' 



z aj z bk z il z jk \ z al z bi 



i z bl . 



z ak z bk z il z jl 



■ikj) ( 

n \ 



+ " J + 

aj z bi z ai z bj z ai z aj z bl 



V 2 a 



z afc z bj z il z jk 



I z bi z ai z bl 
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( (jbj 

V z ak- 



z aj z bj z ik z il 



I ^b"*k> I 
al z bi z al z bk 



z ab z ij z ik z i 



z ak z bl . 



z ai z ak z bi z bl z jk 



( (JjjH 



k l) (€j k b) z ab 



z al z bj 



(Sb fc fc) 



z aj z ak z al z bi z ak z al z bj z aj z al z bk z aj z ak z bl 



) 



z ab z ik z il z jk \ z aj z al z bi z al z bj z aj z al z bk z aj z bl J z ai z al z bi z bk z j k z jl 



z aj z ik z il z jl 
z ab z ij z il z j k 

. (Zj k l)ttk k j)(Zl k i) 

z ab z il z jk z jl 

. (Zj k i)«ik k l)(Sl k i) 
z at z ij z iZ z fc! 



5 aj z ak z bi 



z ak z bj 



z aj z bk 



+ - 



(e b fci)(g-,fc b )(e fc fc b )(g;fcj)z ab 
z ai z afc z al z b i z b j z b fc z j! 



f (g b fcj) z ai , (g b fc j) z aj ! (g b fcfc) ! (gfefej) \ (ib k i)(jj k b)(Sk k j)Ul k j) z aj 
V z afe z aJ z bi z ak z al z bj z al z bk z ak z bl J z ai z ak z al z bi z bj z jk z jl 

( 



(jfefcj) | ^b k j) z a 3 , (S b fcfc) , (t b k O z al \ , « b fcj)Ujfc b )Ufcfcj)Uifcj) 
'■ak z bi z ai z ak z bj z ai z bk z ai z ak z bl I z ai z ak z bi z bj z jl z kl 



(Sb k i) z 



| (Zb k j) ! (g b fcfc) ! (g b fcj) 



■aj z ak z bi z ak z bj z aj z bk 



O z al ) _ 
afc z b ! y 



(S b fcj)(gjfc b )(Sfcfc b )(g;fcfc)z ab 
z ai z aj z a! z bi z bj z bk z kl 



(gj fc fc)(gfc fc ;)(g; fc i) 

z ab z il z jk z kl 



((b k i) | (gfc^j I (g b fcfc) z afc | (e b fci) z ai \ , (g b fc i)(^ fc fc)(Sfc fc b )(gi fc fc) z afc 
z aj z bi z ai z bj z ai z aj z bk z ai z aj z bl I z ai z aj z al z bi z bk z j k z kl 



(jj k l)(ik k l')(il k i) z al 
z ab z il z jl z kl 



z aj z ak z b 



db k j) 



(Sb k k) 



z ai z aj 



z al ) 
ak z bl J 



u j k i )(i k k b )(a l k :j ) i ( g bfcj ) (g b fc 3 ) Zaj (gbfci ) 

z ak z bk z ij z jl \ z al z bi - " • • 



H J 1 "° K ' + 

z ai z ak z bj z ai z aj z bk 

Ub k i) \ dj k b)(ik k i)(ii k j) t Ub k i) | (i b fcfc) 

ai z al z bj ' z ai z bl J z al z bj z ik z jl \ z ak z bi z ai z bk 



V z ak z bi z ai z bk I 



(££fciK£fcfciK£jfcj) 

z a b z ij z ik z jl 



( (Sb k i) z ai | (S b fc 
V z ak z al z bi z ak z 



j^aj | (? b fc fc) | (S b fcj) 
k z al z bj z al z bk 



Mil 

z afe z b ; y 



. (gjfcfcKgfcfejKgjfcj) / c; b fc») (? b fcj) z aj (; b fcfc)^ afc , (g b fc ; ) 

I z a( z b i z ai z a! z b 7 z ai z al z b fc z ai z M 



z a b z ifc z jfc z j( 

(tj k i)(ik k j')(£l k j) z aj 
z ab z ij z jk z jl 



( 



z ai z al z bj 
(ib k O i (£ b fc j) z aj 



+ ■ 



(g b fci)(ejfc;)(g fc fc b )(eifc fc ) 

z ai z aj z bi z bk z jl z kl 

(S b fei)(^fci)(€ fc fcj)(g;fc fc ) 

z a b z a! z b i z ij z jfc z fc! 



z ak z al z bi z ai z ak z al z bj z ai z al z bk 



ak z bl J 



u j k i )u k k l )u l k j ) / ( g bfci) | (Ab k j) z aj | (g b fc fc ) | (e b fc ; ) \ (g b fcj)(ejfci)(efcfcj)(g;fcfc) 

z ab z ij z jl z kl \ z ak z bi z ai z ak z bj z ai z bk z ai z ak z bl J z ab z ai z al z bj z ij z jk z kl 



(€jfci)« fc fc b )(gjfcfc) 

z al z bk z ij z kl 



z aj z fei z ai z bj 



z ai z al z bi z bj z jk z kl 



(ejfc b )(e fc fci)(iifc fc ) / (€ b fcj) | (Ab k k) z ak | (e b fc;) ^ (^fcfcHgjMUfcfcjHgjfcfc) 

z aj z bj z ik z kl \ z al z bi z ai z al z bk z ai z bl / z ab z ai z al z bk z ij z j k z kl 



(gjfc I )(g fc fc I )(e i fcfc) / u b fcj) 



(S b fcj) (g b fcfc)Zgfc | (g b fcj) 

z ab z ij z ik z kl \ z aj z al z bi z al z bj z aj z al z bk z aj z bl 



z ab z ai z bl z ij z jk z kl 



z ab z ik z jk z kl 



I (gj fc fc)(gfc fc i)(gj fc fc) z afc / (? b fc ^) z aj , (S b fc j) , (Ab k k) z ak i 
_ _.. I z al z bi - "■- .-. ■ "1 - - ~ • 



(g b fcj) 



z ai z al z bj z ai z aj z al z bk z ai z aj 



i z bi J 



. (gjfe;)(€fcfc^)(g;fcfc) / (g b fcj) | (e b fcj) | (g b fc fc ) Zafc | (e b 

z ab z ik z jl z kl \ z aj z bi z ai z bj z ai z aj z bk 



k O z al \ 
z aj z bl J 



C3{i,j,a,b,k,l) 



_e_ f(£o 

z ij \ 



k i)(Zb k j)(€k k b)(£l k b) z ab , (£a k j)(£b k i)(£k k b')(€l k b) z ab 



z ai z ak z al z bj z bk z bl 



z aj z ak z al z bi z bk z bl 



(ia k j)(i b k i)(ik k i)(ii k b) z ai (ia k j)(ib k k)(ik k i)(ii k b'> { (ia k i+ia k k)(ib k j)(Zk k i)(ii k b) 

z aj z ak z al z bi z bl z ik z aj z al z bk z bl z ik z al z bj z bl z ik 

«gfcj+Safc fc )(e b fci)(€ fc fcj)(€;fc b ) (ggfci)(g b fcj)(€ fc fcj)(€zfc b )^gj (ga k j ) (? b fcfc ) (€fc fc j ) (€j fc b ) 
z ak z al z bi z bl z jk z ai z ak z al z bj z bl z j k z ai z al z bk z bl z j k 

(Sa k j)(Zb k i)(Zk k l)(il k b) , (Safcj)(i b fcj)(gfcfc;)(g;fc b ) , (ia k i+Ha k k)(ib k j)(ik k bKSl k i) 

z ak z al z bj z bk z il 

(Ha k j)(Ab k i)(ik k b')(Zl k i) z ai 
z ab z ak z al z ik z il \ z bj z aj z bi J z aj z ak z al z bi z bk z il 



z aj z ak z bi z bl z kl 



z ai z ak z bj z bl z kl 



(ia k j)(ib k D(ik k b)(ii k i) , (ifcfcjKj; 



z aj z ak z bk z bl z i 



k i) z ai ( 1 2 ai j _^ 

l z ik z il \ z bj z aj z bi J 



ttak k +tiak l )((i b k j )(Z k k i )(Z l k i )z 
z ab z ak z al z bj z ik z il 

(ia k j+ia k k)(ib k i)(ik k j)(il k i) z ai , (ja k i+ta k l) (£b k j ) (j k k j ) (tl k i) z aj 



(Za k j)(Zk k i)^l k i) a 
z ab z aj z ik z il 



, ( $b k k 
V z al z b, 



fafc z ak z bl , 



z ab z ak z al z bi z il z j k 



ib z ak z al z bj z il z jk 
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+ 



z ab z al z bk z il z jk z ab z ak z bl z il z j k zab z aj z al z bi z ik z kl 



(Safcj)(S b fci)(efcfci)(eifci)*ai (€ a fci+€afcfc+ggfci)(€bfcj)(gfcfcz)(ezfci) 
z ab z aj z ak z bi z il z kl z ab z ak z bj z il z kl 



Uak j )(i k k l )(j l k i ) / j b k k g b k l \ (e fc fcb)(g;fcj) / (e,ak i )(e, b k j )z aj u a k i )(j b k l ) 

z ab z aj z il z kl \ z bk z ak z bl ) z ai z ak z bk z jl \ z al z bj z bl 



(tak j +iak l )(a b k i )(t k k b )(i l kj) (iak i )(tj l k j )z a:j I (g b k , ) (g fc k j ) z bl (lj b hj ) (g fc ft; ) 
z ak z al z bi z bk z jl z ab z ai z ak z jl [ z jk z bj z kl 

, (gfc fe »)(€j fc j) / (€afci)(€ b fcj)^ a j (ggfc;)(g b fci)z a » (Uk^j^k^z^ 
z ab z aft z a( z ifc z .ji I z bj z bi z bi 



+ 



(gfcfc»)(gjfcj) / (€afcfc)(€b fc j) z aj (Safcj)(Sb fc fc) (ggfe^Kjbfcfc) , (gaMKbfci) i (Sa fcfc ) Kb fcz ) \ (QQ) 

z ab z ik z jl \ z ak z al z bj z al z bk z al z bk ' z ak z bl z ak z bl I '" " ' 

(Sbfci)(gfcfci)(e;fcj ) 

z ab z aft z bi z j! z ft( 



U ^ 37 V>a ft, <^a (/y z ab z ai z jl z kl V z bft z afc z b! / 



, (gfcfcj)(gjfcj) z aj / (Safcj)(Sb fc fc) I (Safci)(ebfcj) z aj Kafcj)Kb fc i) Kafcfc)Kb fc i) Ka fc j)Kb fc ») 
z ab z al z jk z jl \ z bk z ai z ak z bj z ak z bi z ak z bi z ak z bi 



+ 



(ik k b)di k k) ( (Safcj)(gb fc j) (^ fc j)(eb fc »A , (tb k j)(ik k i)(ti k k) (( t k \t_(£ k \ _i_ ( t fc ^ 

z al z bk z kl \ z ai z bj z aj z bi J z ab z al z bj z ik z kl ,j 15,1 fe^^a 

z ab z aj z ik z kl V z a! z bft z b( / z ab z al z bi z jk z kl USl j; V ^ fc ' VS 



(ggfcj(gfcfc 3 )(gifcfc) / Kb fc 3 ) z aj , (gb fc fc) z afc I Kb fc j) 
z ab z ai z jk z kl \ z al z bj z al z bk z bl 



From Eqs. ( p3.4| ) we now extract the various kinematics, classified according to their amount 
of self-contractions of polarization vectors 



Kinematics (£6 (£6 



The total number of the kinematics (CO (CO (CO is 15. They are given as follows: 



Si 


:= (66) 


(66) 


(66) 


S2 : 


= (66) 


(66) 


(66) • 


S3 : = 


(66) (66) (66), 




:= (66) 


(66) 


(66) 


"5 : 


= (66) 


(66) 


(66) • 


S 6 := 


(66) (66) (66), 


^7 


:= (66) 


(66) 


(66) 


—8 : 


= (66) 


(66) 


(66) • 


E 9 := 


(66) (66) (66), 


S10 


:= (66) 


(66) 


(66) 


Sn 


:= (66 


) (66 


) (66) 


, S12 : 


= (66) (66) (66 


— 13 


:= (66) 


(66) 


(66) 


s 14 


:= (66 


) (66 


) (66) 


, =15 : 


= (66) (66) (66 



(3.10) 



The two integrands (|3.5|), which appear in ( |3.4| ) in the combinations Ai(a,b,i,j,k,l) 
(66) (66) (66) and A 2 (a,b,i, j,k,l) (66) (66) (66), account for the two cases, 
whether the two vertices a, b in the (— l)-ghost picture are contracted among themselves 
or with other vertices. The function Ai(a, b,i±, %2, *3,%) is invariant under permutations 
of ^2,^3, while the function .4.2 (a, b, i%, 12, 13, h) shares permutation symmetry within the 
pairs of indices i\,%2 and is, i^ or mutually exchange of the latter pair. Moreover, the func- 
tion ^2(0, b, ii, *2, h) is invariant under permutation of a and b. On the other hand, 
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the function Ai(a, b, £1, i%, £3, £4) stays invariant under the latter permutation, if in addi- 
tion the indices i\ and £4 are exchanged. It is easy to convince oneself, that under the 
above symmetries the kinematics (£afi 1 )(&& 4 )(fia&a) and (fo&X&x&JC&s&Jj to wni ch 
the functions A\,A% refer, respectively, do not change. 

Due to those symmetries it is obvious, that within the sum {} of A K (a,b,i,j,k,l) 
any permutation of the four indices £, j, k, I, which label the four vertices in the zero-ghost 
picture, yields the same expression ([T4]) as a result of Bose-symmetry of the iVS'-operators. 
Moreover, the symmetry under the permutation of a and b is evident. In each amplitude 
A n (a,b,i,j,kJ), as given in Eq. (|3.4|), all 15 space-time kinematical contractions ( |3.1U| ) 
show up once. Exchanging indices from the two sets {a, b} and {i,j,k,l}, i.e. putting 
instead of the operators a, b other operators in the (— l)-ghost picture, leads to seemingly 
different expressions. In other words, putting different vertex operators in the (— l)-ghost 
picture, provides a different function A^ in front of a given kinematics S. The six-point 
amplitude allows for 15 possibilities to choose which vertex pair (a, b) to put into the 
(— l)-ghost picture. Therefore, for the given kinematics 

{UtB) itch) (3-11) 

we obtain 15 -a priori- different expressions A r , when we examine Q3.4| ) for the choices 
(a,b)e{{A,B), (A,C), (A,D), (A,E), (A, F), (B,C), (B,D), (B,E), 

(3.12) 

(B,F), (CD), (C,E), (C,F), (D,E), (D, F), (E,F) } . 
The latter may be read off from ( |3.4| ): 

AJ{A,C,B,E,F,D) , A\{A,D,B,E,F,C) , AUA,E,B,C,D,F) , 
AUA,F,B,C,D,E) , AUB,C,A,E,F,D) , A\{B, D, A, E, F, C) , 
AJ(B,E,A,C,D,F) , Al(B,F,A,C,D,E) , AJ(C, E, D, A, B, F) , (3.13) 
AJ{C,F,D,A,B,E) , A^(D,E,C,A,B,F) , AJ(D,F,C,A,B,E) , 
A%(A,B,C,D,E,F) , A%(C,D,A,B,E,F) , A%(E,F, A,B,C,D) . 

They all have to be equated, which gives rise to 14 equations for each kinematics ( |3.11| ) 
under consideration. E.g. the kinematics Hi, i.e. A = 1, B = 2, C = 3, D = 4, E = 5 and 
F = 6 yields the system of equations: 

Alii, 2, 3, 4, 5, 6) = A%(3, 4, 1, 2, 5, 6) = AJ(5, 6, 1, 2, 3, 4) 
= A\ (1, 3, 2, 5, 6, 4) = A\ (1, 4, 2, 5, 6, 3) = ^(1, 5, 2, 3, 4, 6) = A\ (1, 6, 2, 3, 4, 5) 

(3.14) 

= A\ (2, 3, 1, 5, 6, 4) = A\ (2, 4, 1, 5, 6, 3) = A\ (2, 5, 1, 3, 4, 6) = A\ (2, 6, 1, 3, 4, 5) 
= A? (3, 5, 4, 1, 2, 6) = A? (3, 6, 4, 1, 2, 5) = A\ (4, 5, 3, 1, 2, 6) = A? (4, 6, 3, 1, 2, 5) . 
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This system of equations involves 15 different functions F. Each of them appears (linearly) 
three times. Not all of the equations are independent. 

Kinematics (£Q (&) (gfc) (£fc) 

The kinematics of which there exist the total number of | (^) ( 2 ) x 

4 2 = 45 x 16 on-shell, appears in (|3.4| ) with the four different functions Si, ... , B4, given 
in Eqs. ( |3.7| ) and ( |3.8| ). The latter distinguish the way, how the polarizations of the two 
vertex operators a and 6, which are put in the (— l)-ghost picture, are contracted with the 
other vectors labeled by k and /. More precisely, they account for the kinematics: 

B%(a,b,i,j,k,l) (Ub) - (Ub) {tej) (Zkkr) (tiik s ) , 

Sf(a,6,z,j,fc,/) (Ui) - {Ui) (Zbtj) (Zkkr) itlks) , 



BUa,i,j,k,b,l) (Ui) - (CaCi) (6*r) 

B%(i,j,k,l,a,b) (Uj) [Ui) - (tej) (&fc s 



(3.15) 



As before, we may obtain 15 different expressions for one given kinematics 

(UZb) (ZcZd) fok) (3.16) 



depending on which pair (a, b) (running over the set (|3.12| )) of vertex operators we put 



into the (—1) ghost picture. Hence, the given kinematics ( |3.16 ) may be calculated from 
the following 15 functions: 

B%(A,B,C,D,E,F) , B%(C,D,A,B,E,F) , B?(A, C, B, D, E, F) , 

B1(A,D,B,C,E,F) , B?(B,C,A,D,E,F) , B^(B,D,A,C,E,F) , 

B%{A,B,C,D,E,F) , Bl(B,A, C,D,E,F) , B%(C,D,A,B,E,F) , (3.17) 

B%{D,C,A,B,E,F) , B%{A,B,C,D,F,E) , B%(B,A,C,D,F,E) , 

B*(C,D,A,B,F,E) , BUD,C,A,B,F,E) , Bl(A,B,C,D,E,F) . 

They all have to be equated, which gives rise to 14 equations for each kinematics ( |3.11| ) 
under consideration. More precisely, since the functions BJ contain the contractions 
and £f&, of which we have 4 x 4 = 16 on-shell, we obtain 14 x 16 = 224 equations for the 
kinematics ( |3.16| ). Hence in total, after taking into account all 5-kinematics we obtain 
45 x 224 = 10, 080 non-trivial relations, of which many are the same. In fact, the length 
of the set boils down to 5, 464. 
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Kinematics (ff) (ffc) (f fc) (£k) (£k) 



The kinematics {££){£k)(£k)(£k)(£k), of which there exist the total number („) x4 4 = 
15 x 256 on-shell, appears in (|3.4| ) with the three different functions Cf , , C3 , given in 
.Egs. (|3.9| ) and (|3.7| ). The latter distinguish the way, how the polarizations of the two 
vertex operators a and 5, which are put in the (— l)-ghost picture, are contracted with the 
other vectors labeled by k and /: 



C?(a,b,i,j,k,l) (Ub) - (Ub) (Zik) fek) fak) fak) , 
C%{a,i,b,j,k,l) (Ui) - (Ui) (6*0 fak) fak) fak) , 
C*(i,j,a,b,k,l) (Uj) - (Uj) (£«*) (W fak) (ftfc) • 

As before, we may obtain 15 different expressions for one given kinematics 

(CaCb) (ick m ) (£Dk n ) (£Ekp) (frkq) 



(3.18) 



(3.19) 



depending on which pair (a, b) (running over the set ( |3.12| )) of vertex operators is put into 
the (—1) ghost picture. Hence, the given kinematics (|3.16| ) may be calculated from the 
following 15 functions: 



C?(A,B,C t D,E,F) 
C%(A,B,E,C,D,F) 
C%(B,A,D,C,E,F) 
CUAB,C,D,E,F) 
C%(A,B,D,E,C,F) 



C^{A,B,C,D,E,F) 

CUA,B,F,C,D,E) 

C%(B,A,E,C,D,F) 

C^{A,B,C,E,,D,F) 

C^{A,B,D,F,C,E) 



C%{A,B,D,C,E,F) , 
CUB,A,C,D,E,F) , 
C%(B,A,F,C,D,E) , 
CUA,B,C,F,D,E) 
C%(A,B,E,F,C,D) . 



(3.20) 



They all have to be equated, which gives rise to 14 equations for each kinematics ( |3.11| ) 
under consideration. More precisely, since the functions Cf contain the contractions 
£,ck, £ok, £,Ek and £f*m of which we have 4 4 = 256 on-shell, we obtain 14 x 256 = 3, 584 
equations for the kinematics ( |3.16 ). Hence in total, after taking into account all C— 
kinematics we obtain 15 x 3, 584 = 53, 760 non-trivial relations, of which many are the 
same. In fact, the length of the set boils down to 6, 727. From the structure (|3.9|) of the 
functions Cj, namely they do not involve self-contracted momenta, we deduce, that all 
those relations lead to polynomial identities. 
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3.2. Specifying the integration region 

Due to the _PSX(2, R)-invariance on the disk, we may fix three positions of the vertex 
operators. A convenient choice in ( |3.1| ) or in ( |3.5| ) is 



z\ = -^oo , z 2 = , z 3 = 1 , ( 3 - 21 ) 

which implies the ghost factor (c(zi)c(z2)c(zs)) = —z^. A six-point amplitude involving 
massless external particles, i.e. fcf = 0, allows for nine! independent kinematic invariants 
Si. We may choose! the scalar products: 

S3 = k 2 k 6 , 
Sq = k^ks , 

(3.23) 



81 


= k 2 k 4 . 


S2 


= k 2 k 5 


S 4 


= k 3 k 4 , 


$5 


= k 3 k 5 


S7 


= &4/C5 , 


«8 


= k 4 k§ 


8g 


= hk 6 . 







Note, that this particular choice of invariants corresponds to our choice of vertex operator 
positions (|3.21| ), i.e. it results from fixing translation invariance on the disk. In other 
words, our amplitude ( |3.1| ) will only depend on these nine invariants S{. 
The general structure of all the integrals ( |3.7j) is then given by: 

^24,^25,^26,^34,^35 

^36,^45,^46,^56 J J I, 



dz 4 dz 5 dz 6 \zA a2A \z 5 \ a25 \z 6 \ a2a 



x |1 - z 4 \ a34 |1 - z 5 \ a35 |1 - z 6 \ a36 \z 4 - z 5 \ a45 \z 4 - z 6 \ a46 \z 5 - z 6 \ a56 . 

(3.24) 



5 An iV-point amplitude with N external particles has ^N(N — 3) independent kinematic 
invariants (quadratic in the momenta). However, in D = 4 space-time dimensions this number is 
reduced to 3N — 10 p0[ . This leads to qualitative different results for D3-branes. 

6 The remaining scalar products of momenta are expressed by these nine invariants: 

kik 2 = S4 + s 5 + se + s 7 + s s + s 9 , 
kik 3 = si + s 2 + s 3 + s 7 + s 8 + s 9 , 

(3.22) 



k\k 4 = 


-si 


- S4 


- s 7 


- s s 


k±k 5 = 


— S2 


- S5 


- s 7 


~ Sg 


kike = 


-S3 


- s 6 


- s 8 


~ Sg 


k 2 k 3 — 


-Si 


- s 2 


- S3 


- S4 
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Here, the powers are real numbers. More precisely they are given by 



«24 


= si + n 24 , 


«25 


= S 2 + n 2 5 , 


«26 


= S3 + ™26 


«34 


= s 4 + n 34 , 


«35 


= s 5 + n 35 , 


"36 


= s 6 + n 36 


«45 


= s 7 + n 45 , 


«46 


= s 8 + n 46 , 






«56 


= s 9 + n 56 , 











(3.25) 



with some negative or zero integers riy. The latter are elements G {±2, ±1, 0} depend- 
ing on how many fermion or/and bosonic two-point functions are involved. As we shall 
see in the next section, the integral ( |3.24| ) represents a multiple hypergeometric function 
F. 

The vertex positions z 4 , z<r and Zq take arbitrary values on the real axis, i.e. z 4 , z$, z& E 
R. It will prove to be convenient to take the following choice 

z 4 = x , z 5 = xy , z 6 = xyz , (3.26) 

which has the Jacobian det ( ^g^^y- j = x2 U- Then the string ^-matrix ( |3.1| ) with six 
external gluons becomes: 

"4-6(^17 £i) o-i] ^2, ^ 2 ; /c 3 , £ 3 , a 3 ; /c 4 , £4, a 4 ; fc 5 , £5, a 5 ; fe 6 , «e) 

= [ dx [ dy [ dz x 2 y (yfc^-oo) yfcfto) v£> (1) V^(x) V$ 5 (xy) V$ e (xyz)) . 
Jr Jr Jr 

(3.27) 

According to ( |2.5|) , the arrangement of the positions Z4, Z5, Ze, i.e. x,y,z, along the real 
axis implies an ordering 7r of the group factors A ai . This way the full integral in ( |3.27| ) 
splits into 60 different regions I n . Each of them gives rise to a different ordering n of the 
Chan-Paton factors X ai in the group trace Tr according to the general expression ( |2.1| ) . In 
fact, there are 60 different possibilities^ how the Chan-Paton factors A a may be contracted 
in a closed loop. In the following, let us focus on the group contraction Tr(A 1 A 2 A 3 A 4 A 5 A 6 ), 
i.e. the permutation tt = (1,2,3,4,5,6). According to the choice ( |3.21| ) and (|2.5|), this 
ordering corresponds to taking the region 

1-n = { 24, £5, Z G E R I 1 < Z4 < Z 5 < Zq < Oo} , (3.28) 

7 For a given hexagonal diagram, which contracts the Chan-Paton factors X ai in the order 
k, I, m, n), there exist 5 equivalent diagrams: (j, k,l,m,n,i), . . . , (n, k, I, m), correspond- 
ing to the cyclic permutations. Furthermore, changing their orientation results in twelve equiva- 
lent diagrams. Thus, from the 6! possible permutations we only take into account 720/12 = 60 
hexagonal diagrams. 
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i.e. 1 < x, y, z < oo along the real axis. After subsection 2.1 and Eq. ( j3.3| ) we denote 
that particular part of the full string S'-matrix Aq by A 17 = A^ 1,2,3,4,5,6 \ All other 59 
possible group theoretical contractions tt may be obtained from that particular expression 
^4(1,2,3,4,5,6) by relabeling the quantum numbers of the vertex operators. Therefore, in the 
following we concentrate on that particular group structure 7r and omit the index tt in the 
following. For that case, the amplitude (|3.3|) becomes: 



Tr(A 1 A 2 A 3 A 4 A 5 A 6 ) A^ 3 ^ = Tr^A^A^A 6 ) A ^ s ^ 6 \l, 2, 3, 4, 5, 6) 

oo oo oo 

= j dxj dy j dz x 2 y (yfc^-oo) vfcfto) vffi(l) vj&{x) v{ a \(xy) V$ 6 (xyz)) . 



(3.29) 



With the choices (|3.26|) and ( |3.28| ) the integral ( p.24j) simplifies drastically. In fact, after 
performing the change of variables x — > l/x,y — > l/y,z —* 1/z the integral ( |3.24| ) assumes 
the generic form 



— ► F 


"a, 6, d : e,g~ 




. c,f,h,j _ 



with 



a, 6, d,e,5r 
c, f,h,j 



n24,n25,n26,n 3 4,n35 

^36,^45,^46,^56 



I 1 1 

dx J dy J dz 
ooo 



(3.30) 



x x a y b z c (1 - xf (1 - y) e (1 - z) 1 (1 - xy) 9 (1 - y^)' 1 (1 - xyz) J , 

(3.31) 

and the new powers 



a = -4 - a 2 4 - «25 - «26 - «34 ~ «35 ~ «36 ~ «45 ~ «46 ~ «56 
6 = -3 - a 2 5 - «26 - «35 - "36 - «45 ~ «46 ~ «56 , 
C = -2 - a 2 6 - «36 - "46 - «56 , 

d = a 3 4 , e = a 45 , / = a 56 
# = a 35 , h = a 4 6 , J = "36 , 



(3.32) 



given in terms of the integers and invariants Sj ( |3.25| ). To this end, the integrands 
(|3.5|) , (|3.8| ) and ( pT9| ) become certain products of powers of the nine polynomials ( |1.9| ) . Of 
course, the number of these polynomials just reflects the number of kinematic invariants 
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Si. E.g. for the kinematics (£0(£0(£0> with (|3.5| ) the expressions 
into the form 



nib,n jk = - 
\jlij,n k i = - 
l,n ai = -1 
l,n 6 = -1 
-1 
1 



nib : n jk 
_nik,rlji 
nib, Tin = - 
rijk -- 



A±(a,b,i,j,k,l) = aibaaiVab yrjk^ij^kl (hkj) (k k h) F 

- <?jk<?ik<?ji (kikk) (kjh) F 
-a it (kiki) (1 - kjkk) F 

A%(a,b,i,j,k,l)= {I -hkj) (l-k k h) F 

- VijVkiVikVji (kik k ) (kjki) F 
+ (JijO k iOuOj k (kiki) (kjk k ) F 



may be casted 



l,n ai = -1 
l,n a b = -1 



1) n a i 



n%j — 2 
n k i = -2 
n%j , nki 
nik,rlji 
n%j ; nki 



2, n ab = 

n~ab = -2 
-1 



nu,n jk = -1 



n a b 



n a b 



(3.33) 



with the function F [ "^g 2 ^™ 2 ^ 3 *^ 38 ] introduced in Eq. fl3.24| ) and rewritten in ( |3.30| ). 



Furthermore, we have defined Oij = sign(z — j), and n 



i j •- 



Z > j 



. The entries 



riij in the functions F are to be understood such, that they are only of relevance, if they 



contribute in (|3.30|) or ( |3.25|) . Otherwise they are meaningless as a matter of the choice 
( |3.21|) . Similar expressions follow for the other kinematics B and C, given in Eqs. ( |3.8| ) 
and ( |3.9| ). The same is true for the other group contractions. 

The full string S'-matrix is invariant under cyclic permutation of the numbering of 
the six gauge bosons. There are five possible cyclic symmetries, which do not affect the 
group factor Tr(A 1 A 2 A 3 A 4 A 5 A 6 ). The latter are 



si — > s 5 

52 -> S 6 

53 -> Si + S 2 + S 3 + S 7 + S 8 + Sg 

s 4 -> s 7 

55 -> S 8 

5 6 — > -Si - S 4 - S 7 - S 8 

s 7 -> s 9 

S8 — > S2 - S 5 - S 7 - Sg 
Sg — > -S 3 - S 6 - S 8 - Sg , 

(3.34) 



(*): 1 



2, 2 



3, 3 



4, 4 



5, 5 



6, 6 
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and 

(ii) : 1 -> 3, 2^4, 3^5, 4-^6, 5 1, 6^2, 

(in) : 1 -> 4, 2^5, 3^6, 4 -> 1, 5^2, 6^3, 

(w) : 1 -»• 5, 2^6, 3 1, 4 -> 2, 5^3, 6^4, 

(v) : 1 -> 6, 2 -> 1, 3^2, 4^3, 5^4, 6^5, 

with some linear transformation on the nine invariants Sj. The choice of positions ( |3.21j ) 
puts the functions F in a certain form ( |3.31| ) , which no longer reflects the cyclic invariance 
of the amplitude ( |3.1|) . In other words, the maps (|3.34| ) have a non-trivial impact on 



the appearance of the string ^-matrix (|3.29|) . However, cyclic symmetry is still present. 



It only requires some non-trivial change of the integration variables x, y and z in ( |3.31| ) 
Generically, the integrand of ( |3.31 ) looks like 



x k 2 k 3 + ... yk 2 k 3 +k 2 k 4 +k 3 k 4 + ... z k 1 k 6 + ... /-^ _ x ^ k A k A + --- H _ y\kik 5 +... _ z ^k 5 k 6 + ... 

(1 - xy) k3k5+ - (1 - yz) k4k6+ - (1 - xyz) ksk6+ - , 

with the dots accounting for combinations of integers as given in (|3.32|) . The transfor- 
mations ( |3.34|) change the form of the integrand. However, for each case (i) — (v) there 
exists a change of variables x, y, z such, that the integrand of ( |3.31| ), may be brought back 
into its original form (|3.31| ) 

~k 2 k 3 + ... yk 2 k 3 +k 2 k 4 +k 3 k 4 + ... ~k 1 k 6 + ... /-^ _ ^^3*4+.-- M _ y^k 4 k 5 + ... ^ _ z ^k 5 k 6 + ... 

x (1 - xy) k3k5+ - (l-yl) k4k6+ - (l-xyl) k3k6+ - , 

with some new variables x, y, z and new combinations of integers rtiij. In fact, these 
coordinate transformations may be found: 

,.x ~ 1 ~ l-yz ~ 1-z 

(i) x = 1 — xyz , y 



(n) x = z , y 



1 — xyz 1 — yz 

1 — xy _ 1 — y 1 — xyz 



1 — xyz 1 — yz 1 — xy 

(Hi) x=- — — , y = y , z = ^ — — , (3.35) 
1 — yz 1 — xy 

, . . _ 1 — y 1 — xyz _ 1 — yz „ 

& = i ; , y = --, , 2 = x , 

1 — xy 1 — yz 1 — xyz 

t N ~ 1-x _ 1 - xy _ 

(v) s = , y = , z = 1 - xyz . 

1 — xy 1 — xyz 



31 



After taking into account their Jacobians for a given function Fr™ 24 '™ 25 ™ 26 ™ 34 ™ 35 ] , with 

° ° L "36. ™45> ™46> "56 J' 

its integral representation given in Eq. ( |3.31| ) and its parameter detailed in ( |3.32| ), we find 
the following five maps under the actions ( |3.34j ): 



n24,n25,n26,n 3 4,n 3 5 

n 36 5 n 45 5 n 46 7 ^56 



m 2 4, m 25 , m 26 , m 34 , m 35 

W 3 6, "^45, ^46, "^56 



(3.36) 



with: 





' ' "Z4 




2 + n 24 + n 25 + n 26 + n 45 + n 46 + n 56 , m 25 = -2 - n 24 - n 34 - 


n 45 - 


^46 , 




' ' ''ZD 




-2 - n 25 - n 35 - n 45 - n 56 , 












-4 - n 24 - n 25 - n 26 - n 34 - n 35 - n 36 - n 45 - n 46 - ti 56 , 








777,0 c 




n 24 , m 36 = n 25 , m 45 = n 34 , m 46 = n 35 , m 56 = n 45 , 






Hi) 






^26, w 25 = n 36 , m 26 = n 46 , m 34 = 2 + n 34 + n 35 + n 36 + n 45 + n 46 + n 56 , 




777, oe 




2 + ?i 24 + n 25 + ?i 26 + n 45 + n 46 + n 56 , m 36 = -2 - n 24 - n 34 - 


n 45 - 


^46 , 




771/1 




-4 - n 24 - n 2 5 - n 26 - n 34 - n 35 - n 36 - n 45 - n 46 - n 56 , 








777,1 ^ 




™24 , "^56 = ™34 , 






Hi) 


777 0/1 




-2 - n 25 - n 35 - n 45 - n 56 , m 25 = n 25 , rn 26 = n 35 , 








m 34 




-2 - n 2Q - n 36 - n 46 - n 56 , m 35 = n 26 , m 36 = n 36 , 








m 45 




2 + n 34 + n 35 + n 36 + n 45 + n 46 + n 56 , 








m 46 




2 + ti 24 + n 2 5 + ^26 + n 45 + ti 46 + n 56 , 








m 56 




-4 - n 24 - n 2 5 - n 2 6 - ^34 - n 35 - n 36 - n 45 - n 46 - n 56 , 






[iv) 


m 24 




™46, "^25 = -2 - n 2 4 - ™34 - ^45 ~ "46, ™26 = «24, m 34 = n 56 








"135 




-2 - n 25 - n 35 - n 45 - n 56 , m 36 = n 25 , m 45 = -2 - n 26 - "36 


- ^46 


- n 56 




m 46 




"26, m 56 = 2 + n 34 + 7i 35 + n 36 + n 45 + n 46 + n 56 , 






(v) 


m 24 




"35, W 2 5 = "36, W 2 6 = 2 + n 24 + n 2 5 + "26 + "45 + "46 + ^56 , 








m 34 




^45, ms 5 = n 4d , m 36 = -2 - n 24 - n 34 - n 45 - n 46 , m 45 = n 56 








TO46 




-2 - n 2 5 - n 35 - n 45 - n 56 , m 56 = -2 - n 2 6 - n 36 - n 46 - n 56 







(3.37) 



From these equations we find the two parameter class of cyclically invariant functions: 



n 46: ~ 2 — 2 71 4 6 — 2 77-56, ^465 ^56? n 46 

-2 - 2 n 46 - 2 n 56 , n 56 , n 46 , n 56 



^46, n 56 eZ . 



(3.38) 
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After having fixed three vertex positions as e.g. in ( 3.21 ), the meaning of the cyclic sym- 
metries (|3.34|) on the amplitude (|3.29|) is, that we essentially may fix three other vertex 
positions Z{ while keeping the ordering tt. This is why the choice (|3.21|) does not represent 
any restriction, since we may easily move to an other choice, e.g. Z2 = — oo, zj, = 0, 24 = 1 
through applying the cyclic symmetry (i). Of course, in total the string S-matrix result 
for a given group structure does not change as long as we keep the ordering n of vertex 
positions, which corresponds to a certain group structure or integration region X^. 

From the amplitude A*(l, 2, 4, 3, 6, 5), given in ( |3.4| ) or from Eq. ( |3.33[ ), the contribu- 
tion to the five kinematics Si, S 2 , S 5 , £7 and S 8 may be read off: 



+ 



(1 - s 4 )(l - s 9 )F 
(1 - s 5 )(l - s 8 )F 
s 5 (l-s 8 )F 
-s A (l-s 9 ) F 
-s 7 (l-s 6 ) F 



0,0,0, -2,0 

0,0,0,-2 
0,0,0,0,-2 
0,0,-2,0 
0,-1,0,0,-1 
0,0,-2,0 
0,0,0, -1,0 
0,0,0,-2 
0,-1,0,0,0 
-2,-1,0,0 



+ s G s 7 F 
- s 6 s 7 F 
+ s 6 s 7 F 
+ s 6 s 7 F 
- s 5 s 8 F 



0,0,0, -1,0 
-1,-1,0,-1 
0,0,0,0,-1 

-1,-1,-1,0 

0, -1,0,0,0 " 

-1,-1,-1,0. 

0,0,0,0,0 
-1,-1,0,-1 
0,-1,0,0,-1 

-1,0,-1,0 



- s 5 s 8 F 

- S4S9 F 
+ S4S9 F 

- s 5 s 8 F 
+ S4S9 F 



0,0,0,-1,-1 
0,0,-1,-1 
0,0,0,-1,-1 
0,0,-1,-1 
0,-1,0,-1,0 

0,0,-1,-1 
"0,0,0,0, -1 
0,0,-1,-1 
0,-1,0,-1,0 

-1,0,0,-1 



■=4 



"2 



—5 



—7 



(3.39) 

The tensor Sg stays invariant under all five cyclic transformations ( |3.34j ). Hence, this 
symmetry has also to be respected by the last line of ( |3.39|) and the kinematics S 8 represents 
a kind of one-dimensional irreducible representation of the cyclic symmetries (|3 . 34 ) . This 
may be verified using ( |3.34| ) and ( |3.37| ). On the other hand, through applying the cyclic 
symmetries ( |3.34| ) on the four kinematics Hi, S2, H5, S7 we may generate all remaining 10 
kinematics ( |3.10| ) from those. Hence, ( p.39| ) represents the full content for the A-kinematics 
( |3.10|) . Similar symmetries hold for the other two classes of kinematics B and C. 

According to (|3.4|) the expression ( 3.39 ) refers to the case, where the first and the 
second gauge boson vertices are chosen to be in the (— l)-ghost picture, i.e. a = 1 and 
6 = 2. Any other choice would lead to a seemingly different expression than ( |3.39| ). Only 
after a detailed knowledge about the functions F and their various relations (c/. section 
4) we would be able to see, that the expressions for the other choices 



(a, 6) e {(1,2), (1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), 

(3, 4), (3, 5), (3, 6), (4, 5), (4, 6), (5, 6)} 



(3.40) 
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are indeed the same. There are (2) = 15 such choices. However, it is this lack of knowledge 



about the other choices (|3.40| ) we precisely want to make use of. We have already explained 
in subsection 3.1, that for the kinematics (|3.39| ) we shall now derive fourteen other expres- 
sions with different vertex pairs (a, b) in the (— l)-ghost picture. We shall equate all these 



expressions with (|3.39| ) and obtain striking identities between all the functions F, similar 
as described in subsection 2.2 for the four gluon scattering case (cf. Eq. (|2.22|) ). This 
information will give us sufficient knowledge about all functions F, which are involved in 
Eq. ( |3.39 ) . Without that information we would have to really calculate the integrals ( |3.31| ) 
for all the functions F, which appear in ( |3.39| ). These would be 14 functions. In addition, 
there appear a lot more from the kinematics B and C. This program shall be outlined in 
the next subsection. 



3.3. System of equations and its six-element solution 

From equating all expressions (|3.20|) for the C-kinematics we obtain 1,041 linear re- 



lations between different hypergeometric functions (|3.30|) . One example for such a relation 
is: 



0,-1,0,0,-1 

-1,-1,-1,1 



0,0,-1,0,-1 

-1,-1,-1,1 



— F 



0,-1,-1,0,-1 
-1,-1,-1,2 



(3.41) 



After looking closer to the structure (|3.31| ) of the functions involved, we realize, that this 
identity is just a manifestation of the simple relation 



(1 ~y) (1 - xy) z (1 - yz) (1 - xyz) 

y(i-z) 



+ 



(3.42) 



(1 -y) (1 - xy) (1 - yz) (1 - xyz) (1 - y) (1 - xy) z (1 - yz) (1 - xyz) 



between the three polynomials appearing in the integrands of those three functions. An 
other more involved example is: 



-1,-1,-1,0,0 
-1,0,0,0 



= F 
— F 
+ 2 F 
+ F 



-1,0,-1,0,-1 
-1,-1,-1,0 
1,-1,-1,-1,0" 
0,-1,-1,0 
0,-1,-1,-1,0 
-1,-1,1,0 
0,-1,-1,0,0 

-1,-1,-1,1 



— F 
+ F 



2 F 



-1,0,-1,0,-1 

-1,-1,0,1 
2,-1,-1,-1,0" 
0,-1,-1,0 
0,-1,-1,-1,0 



-1,-1,0,1 



F 

2 F 
-F 



1,0,0,2,-1 
1,-1,-1,0 
0,-1,-1,-1,1 
-1,-1,0,0 
0,-1,-1,0,-1 
-1,0,-1,1 



(3.43) 
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Again, this relation originates from a simple polynomial relation: 



1 — _ y(l — x) -4--. 1 — yz 1 — z , 

x(l — !/)(! — xy)(l — yz)(l — xyz)'(l — y)(l — xy)z(l — xyz) (1 — y) (1 — xy) z(l — xy z) 



1 — xyz 



j | a v 

( 1_ l/H 1- V z )( 1 — xyz) (1 — xy)(l — yz)(l — xyz)'x(l — y)(l — yz)(l — x) ( 1 — y) ( 1 — yz) (1 — as) 



(3.44) 



1 — xy 



(l-y)(l-X 



:y i_2 t — yz 2 1 — z 

yz)(l — x) ' (l — y)z(l — xyz)(l — x) (1 — y)z(l — xyz)(l — x) 



All relations, which we find from solving the system of 6, 727 equations for the C— 
kinematics, have their origin in polynomial relations. These identities are to be compared 
with a similar type of identities (|2.29| ), which appear in the case of four-gluon scattering. 

Let us now move on to the equations following from the A and S-kinematics, i.e. 
following from equating ( |3.14| ) and (|3.20| ) for each kinematics. In Eq. (|3.14| ) we have listed 
all expressions, which calculate the kinematics Si. E.g. we have: 



A 2 (l,2,3,4,5,6) = -(l-s 4 ) (l-s 9 ) F 

+ s 5 s 8 F 
^(1,3,2,5,6,4) = - Sl (l-.s„) /•• 

+ s 3 s 7 F 



0,0,0,-2,0 
0,0,0,-2 



- s 6 s 7 F 



0,0,0, -1,0 
-1,-1,0,-1 



0,0,0,-1,-1 
0,0,-1,-1 



-1,0,0,-1,0 
0,0,0,-2 
0,0,-1,-1,0 



S2 s 8 F 



0,-1,0,-1,0 
0,0,-1,-1 



0,-1,0,-1 



Ai(3, 5,4, 1, 2, 6) = -s 8 (1 - s 4 - s 5 - s 6 - s 7 - s 8 - s 9 ) F 

~ 81 (S3 + S 6 + S 8 + Sg) F 

+ S3 (si + S4 + s 7 + s 8 ) F 



0,0,0,-1,-1 
0,0,-1,-1 



-1,0,0,-1,-1 

0,0,0,-1 
0,0,-1,-1,-1 



0,0,0,-1 



(3.45) 

All these equations have to be identical, because each of them determines the kinematics Si. 
Hence, after equating them we obtain a set of linear equations with coefficients depending 
on the kinematic invariants s,-: 



A 2 (l, 2, 3, 4, 5, 6) = Axil, 3, 2, 5, 6, 4) = Ai(3, 5, 4, 1, 2, 6) 



(3.46) 



Above we have only depicted three expressions for the kinematics Si. Writing down all of 
them for all A- and S-kinematics we obtain a huge set of equations, which qualitatively 
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looks like ( |3.46| ). This system gives rise to various non-trivial relations among different 
hypergeometric functions. E.g. we obtain: 



= s 9 F 
(l + s 4 ) F 



-1,0,0,0,0 
-2,-1,0,0 



-1,-1,0,0,0 
-1,0,0,-1 



F 

-!--■; ( F 



0, -1,0,0,0 
-2,-1,0,0 



-1,0,-1,0,0 
-1,-1,0,0 



s 8 F 
- F 



1,-1,0,0,0 
-1,0,-1,0 
0,-1,-1,0,0 



-1,-1,0,0 



(3.47) 



0,-1,-1,-2,0 
0,0,0,0 



-1,-1,0,-1,0 



0,0,0,-1 



— F 



-1,0,-1,-1,0 
0,0,0,-1 



0,-1,-1,-1,0 
0,-1,0,0 



s 2 F 



0,-1,0,-1,0, 
0,0,-1,0 



-s 7 F 

-(s 4 + s 5 + s 6 + s 7 + s 8 + s 9 



s 8 F 



0,-1,-1,-1,0 
0,0,-1,0 



0,0,0,-1,0 

0,-1,0,-1 



s 3 F 



0,0,-1,-1,0 



0,-1,0,0 



- (1 + Si + s 2 + s 3 + s 4 + s 5 + s 6 + s 7 + s 8 + s 9 ) F 



0,0,0, -1,0 

0,0,-1,-1 



0,0,0,0,0 



0,-1,-1,0 



s 2 F 



0,0,-1,0,-1 

0,-1,-1,1 



0,-1,-1,-1,0 

-1,-1,0,1 



= s 3 F 

+ (s 2 - S3 - S 4 + 8g) F 



+ (S! + S 2 -S 7 ) F 



0,-1,-1,0,-1 



0,-1,-1,0,0 
-1,-1,-1,1 



-1,-1,-1,2 

After inserting the definitions (|3.24|) and ( |3.31|) into the above equations we see, that these 
relations may be proven through performing partial integration. We have found a huge 
amount of identities of that type. 

Moreover, after inserting the 1,041 solutions from the C-kinematics into the whole 
system, which we obtain from the A and S-kinematics (|3.17|) and ( |3.20|) , i.e. after elim- 
inating 1, 041 functions F from the A and S-system, we are left over with 366 + 210 
equations. The latter only contain 1270 — 1041 = 229 functions F. This system of equa- 
tions is undetermined. We realize that all equations may be solved in terms of a basis of 
six functions. Hence, any of our 1,270 hypere;eometric function Fr™ 24 '™ 25 '™ 26 '™ 34 '™ 35 ] may 
be represented as a linear combination of six (multiple) hypergeometric functions. This is 
in complete analogy with the four-gluon string S'-matrix ( cf. Eq. ( |2.24j ) ) , where the basis 
was just one-dimensional and with the five-gluon string S'-matrix with a two-dimensional 
basis (cf. appendix A). Recall, that in the four-gluon case (and five-gluon case), we were 
free, which functions Fj we choose for our basis. In that case we had chosen Fq from the 
set ( |2.20| ). The same was true in the five-gluon case. There we had singled out $1 and 
$2- I n both cases, Fq and $1, $2 share some special properties in view of their momentum 
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expansions: cf. Eqs. ( |2.30|) and (A. 27). Here again, for our six-dimensional basis we may 
choose a convenient basis of six functions. Following the discussion after Eq. ( |2.29|) one 
simple choice for these six functions are integrals, which do not involve poles in the Man- 
delstamm variables Sj. As basis we may choose the following six functions f[ 



Pn,W l n- 1 ^- 1 }, Fi-^in *f C^S' ] and n~ 2 ^]r] and express all re- 
maining 1,264 multiple hypergeometric functions ^["^g 2 ^ 2 ^ 3 ^ 35 ] i which show up in 
the string S'-matrix, as linear combination of those six: 



"24 ,"25 ,"26 ,"34 , "35 
"36, "45, "46, "56 



A} j 



+A^ J si) F 



-1,-1,-2,0,0 
0,0,0,0 



-1,0,-2,0,-1 
0,0,0,0 



0,-2,-1,0,0 
-1,0,0,0 



+ A k}' 



Si) F 



+ Af J Si ) F 



+ A 6 r ,(Si) F 



-1,-1,0,0,0 
-2,0,0,0 



-1,0,-2,0,0 
-1,0,0,0 



-2,-1,-1,0,0 
-1,0,0,0 



(3.48) 

In other words, our system of equations may be solved through this six-dimensional ansatz 
03.481). Each function Fr™24,«25,™26,»34,»35l has its six coefficients kh Jsi) , I = 1, .... 6 

^t- V L ™36>™45.™46>' l 56 J {"ijj V ' 

depending non-trivially on the nine kinematic invariants Si. Note, that the result ( |3.48| ) 
states quite non-trivial mathematical relations between the functions Fr™ 24 '™ 25 '™ 26, n3 £ ,n35 ], 

^ L ™36>™45>™46>™56 J' 

introduced in (|3T2ip and (|373T|) . The identities like p^TQ , (^4j) and (|3T47|) , which are 
unified in the striking solution ( |3.48|) , are interesting by there own, as they give non-trivial 
relations between different multiple hypergeometric functions F[ r ' 24 ' ri25 '™ 26 ' r ' 34 ' r ' 35 ~| . These 

^ J r O L ™36>"-45>"-46,™56 J 

relations are to be compared with the identities for ordinary hypergeometric functions p F q , 
as e.g. in Ref. |13| . 

Let us now turn to our preferredi basis of six functions. According to (|3.24|) and ( |3.31j ) 



An alternative choice would replace one of the six functions by: 



F 



-1,-1,-1,0,0 
-1,0,0,0 



dx I dy 



dz 



V{x,y,z) 
1 — xyz 



(3.49) 
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the six functions, which serve as our basis in ( |3.48| ), are given by the following integrals: 

-1,-1,-2,0,0" 



0,0,0,0 



-1,-1,0,0,0 
-2,0,0,0 



-1,0,-2,0,-1 
0,0,0,0 



1,0,-2,0,0 
-1,0,0,0 



0,-2,-1,0,0 
-1,0,0,0 



-2,-1,-1,0,0 
-1,0,0,0 



dx j dy J dz V(x, y, z) , 
V(x,y,z) 





111 



dx J dy J dz 

ooo 
ill 

dx J dy J dz 

ooo 
ill 

dx J dy J dz 

ooo 
ill 

dx J dy J dz 

ooo 
ill 



dx j dy / dz 



o o 



(1 — xyz) 2 

V{x,y,z) 
1 — xy 

z V(x,y,z) 
1 — xyz 

y V(x,y,z) 
1 — xyz 

x V(x 7 y,z) 
1 — xyz 



(3.50) 



with 



V(x y z) = X~ Sl_S2_S3_ S 4-S5 — sq — s 7 -sg — s 9 y — s 2 — S3-S5 — s 6 — s 7 -s g — s 9 z ~ s 3 — s 6 -s g — Sg 

x (1 - x) S4 (1 - y) S7 (1 - 2) S9 (1 - xy) S5 (1 - yz) ss (1 - xyz) 36 

— x k ^ k 3 yk2k 3 +k 2 k4+k 3 k 4 z k 1 k 6 q _ \fc 3 fc 4 ^ _ y^k 4 k 5 _ z \k B ke 



x (1 - xy) fc3fc5 (1 - yzf^ (1 - xj/z) 



k^kg 



\ kz fcfi 



(3.51) 



stemming from the contractions f of the exponentials ( |3.6| ). 

The result (|3.48|) is the key to express the whole string six-gluon ^-matrix in terms of 
the six functions ( ^.50| ). By knowing the momentum (a'-) expansion of those six functions, 
we immediately obtain the momentum expansions of the remaining functions through the 
identity (|3.48| ). In practice, after having obtained the relations ( |3.48| ) for all of the 1,264 
functions, for each kinematics one inserts those relations into the corresponding expressions 

(cf. Eqs. ( |3.33| ) or (|3.39|) ) and similarly for B n and C 71 ". Hence, by calculating the 
momentum expansion of ( |3.50| ) we are able to write down the a'-expansion for the full 
string S'-matrix (cf. next subsection). 
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Let us point out, that we are free in choosing the six-dimensional basis, and with Eq. 
( |3.48| ) we may easily switch to different basis representations. The advantage of our basis 
( p.50|) is, that we have only to deal with six functions, whose momentum (a'-) expansions 
do not have poles, just like Fq in ( |2.30| ) for the four-gluon amplitude. This drastically 
simplifies the way, how we obtain those expansions (c/. the next section). Eventually, one 
may wish to choose a basis, which encodes the structure of the irreducible gluon interactions 
to all orders in a'. This may be achieved with finding a cyclically invariant basis ( |3.38|) . 
For further details see Ref. [EI]. 

In addition, we remark, that the relations ( |3.48|) are general, i.e. independent on 
the gauge structure 7r and the integral region X n . Though we have worked for a given 
group structure, resulting in the representation ( |3.31| ) for the functions, an other group 
structure tt would only result in a different integral representation ( |3.31|) , specified by the 
integral region and its parameterization. However, the relations ( [3.48|) stay the same 
as a matter of changing coordinates of the integrands. Hence, the relations ( |3.48| ) are 
completely general and hold also for other integral representations. This is just like in 
the case of relations for ordinary hypergeometric functions, which also hold for different 
integral representations. 

We have already pointed out in the introduction, that the equations we impose follow 
from world-sheet supersymmetry and not (directly) from the cyclic invariance of a gluon 
amplitude. In fact, the equations, which derive from the cyclic symmetry are automatically 
contained in the system of equations we have studied. Nevertheless this means, that 
qualitative different results are to be expected for writing the final expression for the 
string S'-matrix of the bosonic string compared to the superstring. By that we mean, that 



one should expect a smaller basis of functions than (|3.48| ) for the much fewer subset of 
functions, which appear in a bosonic amplitude. On the other hand, the various relations 
for the triple hypergeometric functions Q3.48|) following from the superstring amplitude 
can be used to also simplify the corresponding bosonic string S'-matrix. The latter clearly 
involves much less triple hypergeometric functions from the beginning. 



3.4- Momentum expansion of the string S -matrix 

In the following, to display our result we shall adapt to a different basis ( |3.23| ) of 
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kinematical invariants. We choose! the more physical basis |p2f : 
si = kik 2 , s 2 = k 2 k 3 , s 3 = /c 3 /c 4 , 
s 4 = k 4 k 5 , s 5 = k 5 k 6 , s 6 = k 6 ki , 



(3.52) 



s 7 = ^ (/ci + k 2 + k 3 



l 2 , s 8 = ^ (Afe + fc 3 + /c 4 ) 2 , s 9 = r + &4 + A; 5 ) 2 



In this basis e.g. the cyclic symmetries ( |3.34j ) act as simple permutation symmetry within 
the two sets {si, s 2 , S3, s 4 , S5, Sq} and {s 7 , s 8 , sg}. The momentum (or c/)-expansion of 
the six functions ( |3.50| ), which will be the subject of subsection 4.5, is given0 in terms of 
these new invariants: 



$1 



$ 4 



-1,-1,-2,0,0 
0,0,0,0 



-1,-1,0,0,0 
-2,0,0,0 



-1,0,-2,0,-1 
0,0,0,0 



-1,0,-2,0,0 
-1,0,0,0 



0,-2,-1,0,0 
-1,0,0,0 



= 1 - 3 Si - S 2 + S3 + S 5 - Sq + S 7 - S 8 + Sg 

+ (Si -83-84,- s 5 ) C(2) + (si + s 4 - s 7 - s 9 ) C(3) + . . . , 
= (I + S1 + S4-S7-S9) C(2) 

- (2 Si + S 2 + S3 + 2 s 4 + s 5 + s 6 - s 7 + s 8 - Sg) C(3) + . . . 
= (1 - Si + s 2 + S3 + 3 s 4 + s 5 + s 7 - s 8 - s 9 ) C(2) 

+ (si - s 2 - 2 s 3 - 4 s 4 - s 5 - s 7 + 2 s 8 + 2 s 9 ) C(3) + . . . , 
= -1 + C(2) + Si - s 2 - s 4 + s 5 + 3 s 6 + s 7 - s 8 - Sg 

+ (s 2 - S3 - s 4 - s 5 - 2 s 6 + s 8 + 2 s 9 ) C(2) 

- (si + s 2 - S3 - 2 s 4 + s 7 + s 8 + 2 Sg) C(3) • • • , 

= -1 + C(2) + si - s 2 - 2 s 3 - 2 s 5 - s 6 + s 7 + 3 s 8 + sg 
+ (s 2 + s 3 - s 4 + s 5 + s 6 - 2 s 8 ) C(2) 

- (Si + S 2 - S4 + S 6 + S 7 + Sg) C(3) + . . . , 



(3.54) 



9 We may easily switch from the basis ( |3.23| ) to this new basis through: si — > sg — S2 — S3, S2 

S3 + Se — Ss — Sg, S3 — ► —Si — S6 + Sg, S4 — > S3, S5 — > Sg — S3 — S4, S6 — ► Si + S4 — S 7 — Sg, S 7 
S4, Ss — » — S4 — S5 + S 7 , Sg — > S5. 

10 For the function (jO|) we obtain: 



-1,-1,-1,0,0 
-1,0,0,0 



C(3)~7 (si+4s 2 +3s3+2s4+3s5+4s 6 +S7+4s 8 +s 9 )C(4)+... . (3.53) 
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-2,-1,-1,0,0 



$ 6 = F !_i o ' = - 1 + C(2) + si + 3 s 2 + s 3 - s 4 - s 6 - s 7 - s 8 + s 9 

- (2 s 2 + s 3 + s 4 + s 5 - s 6 - 2 s 7 - s 8 ) C(2) 

- (si - 2 s 4 - s 5 + s 6 + 2 s 7 + s 8 + s 9 ) C(3) + . . . . 

The higher orders, which are denoted by the dots, may be depicted from subsection 4.5. 
With these six functions the six-gluon superstring S'-matrix ( |3.1|) may be (formally) writ- 
ten for the group structure Tr(A 1 A 2 A 3 A 4 A 5 A 6 ): 



^(1,2,3,4,5,6) = E ^( Sl) ... )S9 ) ^ 

i=i 



(3.55) 



Here V 3 (s\, . . . , sq) are meromorphic polynomials in the invariants Si, which capture the 
set of kinematics (££)(££)(££), (£6 (&) and The polynomials 

are quite huge expressions, to be compared with the corresponding five-gluon case in 
Eqs. (A. 28) and (A. 29). It is this form (3.55) of the six-gluon string S'-matrix ( |3.1| ), which 
allows to arrange in the effective action the higher order a' gauge interaction terms with 
six external legs (like F 6 , £> 4 F 4 , D 2 F 5 , D 6 F 4 , D 2 F 6 , . . .) thanks to the properties of the 
functions $j and coefficients "P- 7 . While the latter P- 7 keep track about the pole structure 
of the reducible diagrams, the functions $j organize the various terms according to their 
zet a- values pl~l,[T8"|. 

Let us now present our final result for the six gluon string S'-matrix ( |3.1|) , listed 
according to the kinematics A, B and C. As explained before, we have focused on the group 
structure Tr(A 1 A 2 A 3 A 4 A 5 A 6 ), i.e. on the piece ( |3.29| ), since all other 59 group orderings may 
be obtained by relabeling the gauge vertices, i.e. the polarization vectors £j and momenta 
ki . 



Kinematics (££) 

We start with the kinematics A, i.e. self-contractions of all six polarization vectors. 
Their expressions are given in Eq. ( |3.39j ). There we have also explained, that from the 
set ( |3.10| ) we have to display only the five kinematics Hi, 22,^5,27 and S§ as a result 
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of cyclic invariance. We obtain the following a'-expansion for that part of the six-gluon 
string S'-matrix ( |3.1| ): 



—I 



I SgS 2 _ S 2 S 2 S 2 _ S 2 _ S 4 S 2 _ S 6 S 2 _ S 2 S 4 S 6 

\ S1S3S5 S3S5 S1S7 S1S5S7 S 3 S 5 S 8 S 3 S 8 S1S3 S1S3 

«6 S6 _ S 6 S 7 _ S 7 SjSs _ s 4 s 8 _ s 8 s 7 s 9 ^ s 8 s 9 s 9 



S1S5 S 3 S 5 S1S3S5 S1S5 S1S3S5 S1S3S5 S3S5 S1S3S5 S1S3S5 S1S3 

_|_ — _|_ — _|_ g4 _ g 4 J_ _ S4 _ J_ _ g 6 _ J_ _ S4 _ S4S6 _ S6 _ J_ 
Si S3 S1S5 S3S5 S 5 S5S7 S7 S 5 S 8 S 8 S3S9 S1S3S9 S1S9 S 9 

£2 _ f| ^4^1 sesj 1 ft 1 ^i^ 2 , S3S2 _ S4S2 _ S5S2 _ S5S2 _ S6S2 S1S6S2 

S 7 S 5 S5S7 S 5 S 8 S 8 S1S3 Si Si Si S3 S3 S3S5 

_ Se,S2 _|_ g7,S2 _ g 3S7S2 S8S2 _ S1S8S2 S5S9S2 S7S9S2 S8S9S2 _ S9S2 _ S9S2 
S 5 Si S1S5 S3 S3S5 S1S3 S1S5 S 3 S 5 Si S3 

_ ^9^2 SlS2 S3S4S2 _ S4S2 S4S2 SlS2 S4S5S2 S1S4S2 ^1^2 S3S2 
S 5 S3 S1S5 S 5 S1S7 S 7 S1S7 S5S7 S 3 S 8 s 8 

S5S6S2 . s 3 s 6 s 2 s| s| s 6 s^ s 3 s^ s 7 s| s 4 s| sis| s 5 s| 
H 1 ^S2 1 1 1 1 1 

5358 S 5 S 8 Si S3 S1S5 S1S5 S3S5 S3S5 S3S5 S1S3 

_ ■ S7g 9 _ S ^ s 9 _ S1S4 _ + S4S5 _ S 3 S 6 _ S 4 S 6 _ S 4 S 6 + S 4 S 5 S 6 + S 5 S 6 + SiS 6 
S1S3 S1S3 S3 S3 Si Si S3 S1S3 Si s 5 

S3S6 S3S7 S6S7 S6S7 , S3S6S7 S6S7 S3S7 S3S4S7 , S4S7 
2s 6 1 1 

S 5 Si Si S3 S1S5 S 5 S 5 S1S5 s 5 

_ S7S8 _ S4S8 _ S4S8 _ S1S6S8 ^6^8 S6S7S8 S7S8 S7S8 S4S7S8 2s 7 S 8 
S1S5 Si S3 S3S5 S 5 S3S5 Si S3 S1S5 s 5 

_ SlS8 _ ■ Slg8 , glf4f8 _ S4S8 _ S7 g 9 _ g l g 9 , S4S9 _ S4S5S9 _ ^5^9 _ ^5^9 

S3 S 5 S3S5 S 5 S1S5 S3S5 S3 S1S3 Si S3 

_ S 5 S 6 S 9 ^ S 6 S 9 S6S7S9 ^ 2s 7 S 9 S7S9 S7S9 s 4 s 8 s 9 _ s 7 s 8 s 9 _ s 7 s 8 s 9 

S1S3 Si S1S3 Si S3 S 5 S1S3 S1S3 S1S5 

_ s 7 s 8 s 9 s 8 s 9 2s 8 s 9 S 8 S 9 _ SiS 4 s 3 s 4 s| s 4 s 5 s| s 5 s 6 s| 
S3S5 Si S3 S 5 S 5 S 5 S7 s 7 s 8 s 8 s 9 

+ g 4s| + f| + g 3S4 + sjse + sise + S3S4S6 + S1S4S6 1 

5359 S 9 S 9 S1S9 S 9 S1S9 S3S9 
_ So 1 1 Sfi 1 

+ h 2 <; — + _ + ^ + _ 

S1S7 Si S 7 S1S9 s 9 
, «2 S 3«2 . S 5 S 2 SiS 2 S4S5S2 S 3 S 6 S 5 S 6 S3S7 

+ 1 h s 2 + si + s 4 H h s 6 H 

S7 Si Si S7 S1S7 Si Si Si 

S 4 S 8 S 7 S 8 S5S9 S 8 S 9 S 4 S 5 S§ S 3 S 4 SiS 6 s 3 s 4 s 6 , 

-s 7 H H s 9 C(2; 

Si Si Si Si S 7 S9 S 9 S 9 S1S9 

_ 1 1 / S2S1 S 4 S5 , 

+ -5 < M si - s 2 - s 4 - s 5 + s 7 + s 8 + s 9 H C(2) 

«7 V «7 «7 



(3.56) 
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Si _ S4S1 _^ S 9 + J_ + J_ _ g 4 _ J_ _ S3 _ s s s 6 _ s 6 _ l_ 
S2S7 S 2 S 5 S 7 S 2 S 5 S 2 S 5 S5S7 s 7 s 2 s 8 s 2 s 5 s 8 s 5 s 8 s 8 



+ 



S4sj £l _ ^6^1 S 6 Si g4g8gl _ S 8 Si _ S 9 S! S 3 S! _ S4S1 S4S1 

«7 «2 S 2 S 5 S 2 S 5 S 5 S 5 S 5 S 5 S 2 S 7 



H 1 1 si - s 2 - s 3 H s 4 - s 5 1 s 6 

S7 S 2 S 7 S 5 S 7 s 2 s 2 s 2 s 5 

S6S7 S3S6S7 S3S7 S 4 S 8 , S4S9 S5S9 S 6 S 9 S7S9 S7S9 S 7 S 8 S 9 

1 h s 7 \- s 8 1 1 

s 2 s 2 s 5 s 5 s 2 s 2 s 2 s 2 s 2 s 5 S 2 S 5 

S8S9 S 8 S 9 _ S 2 S 9 _ S 3 S 9 S3S4 £4 , S±S 5 s| S 3 sj _i_ ft _|_ g2 ' S3 , g 3S5S6 



s 2 s 5 s 5 s 5 s 5 s 7 s 7 s 8 s 2 s 8 s 8 s 8 s 2 s 8 

C(2) 



| sj g 6 S2S3S6 

s 8 S 5 S 8 S 5 S 8 

+ E 8 (si + s 2 + s 3 + s 4 + s 5 + s 6 - s 7 - s 8 - s 9 ) C(2) + 



To keep the expressions short we do not write the orders beyond /c 4 . Clearly, the momentum 
expansions of the kinematics S 8 shows cyclic invariance. There are no /^-contributions, 
a result, which has impact on the possible reducible diagrams contributing to these kine- 
matics (cf. section 5). 



Kinematics (gg (&) (£k) (gfc) 

Let us now present the 5-kinematics. As outlined in subsection 3.1. there are many 

independent contractions of the form (£/c) (£/c) even after making use of the 

cyclic symmetry (|3.34[ ). It is not possible to write down all of them. Instead we pick up 

a representative example. E.g. in the string S'-matrix ( |3.1|) after eliminating and 

^6^5 on-shell the kinematics (^i^ 2 )(^3^4)(^5/c 2 )(^6^i) comes along with the momentum 
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dependent expression: 



X 



S2 


S2 S 7 


1 


1 


S3 S 5 S 8 


S3S 6 S 8 SiS 3 S 5 


H 

S1S3 


S1S5 


S 4 


1 S4 


1 




S1S3S9 


S1S9 S S S 6 Sg 


S 6 Sg 




(4 + 

\S5S8 


s\ ! s 9 s 2 s 2 

SqSs S 3 S 6 S3 


S3S5 


S2 
$5 



1111 



s 3 s 6 S 5 S 8 S 6 S 8 



+ I _^ £ 4 _- _ _- . _ _- _ £2 £5£2 £e£2 £3£2 S3S2 

«6 S3S8 S3«8 «5«8 S6«8 

s| _ £3 _ £4 _ £4 + + £5_£6_£7_£7 + ^3^7 _ £7 ^7^8 _ ^1^8 

S1S5 Si Si S3 S1S3 Si S3 Si S3 S1S5 S 5 S3S5 S3S5 

£8 ^4^8 £8 _ ^5^9 ^7^9 _ ^8^9 + £9 + £9 + £l_£3_£3_£4_ ( _£5 

S5 S3S6 «6 SlS3 S1S3 S 3 S 6 Si S 6 S 5 S 5 S 6 S 6 S 8 

S« si Si S3S4 S1S4 S4S6 Sfi S^ S3S4 \ . , rtS 

H H — + — + -^-i + + H — - H — + - 2 C(2) 

S 8 S1S9 Sg S1S9 S3S9 S3S9 Sg S 6 Sg S 6 Sg / 

_ : _ 2s 3 s^ _ 2s 3 s| _ s|s 2 3s 7 s 2 s 8 s 2 _ sis 8 s 2 s 8 s 2 

S5S8 S6S8 S5S8 S6S8 S3S6 «5 «3 S3S5 «5 

_|_ g8g2 _ g 8g9g2 ^9^2 _ SgS 2 ^1^2 _ ^1^2 2s 3 S 2 _ sfs 2 + 2s 3 S 2 



s 6 


S3S6 


S3 s 6 


S3 


S5 


S5 


S3S5 


s 6 


! 3s 4 s 2 


4*2 


s|s 2 2s 5 s 6 s 2 


s§s 2 


S\S2 


-2s 2 - 


s 7 


+ — 




S3S8 


S3S8 S3S8 


S5S8 


SqS S 




S1S5 


Si 


s 4 s§ 


H 2 H 2 

Si s 3 


2s 3 sj s 7 s| 


S3S5 


H 2 

_ _8 _ 


s 4 s| 


+ 


S5S9 


S1S3 


S\S 5 S3S5 


«5 


S3S6 


s 6 


S1S3 



S 7 s| S 8 s| Sg 4 o 2s 3«4 «4«5 . «4«5 S 1 S 5 

1 r Si — ZS3 H ZS4 1 

S1S3 S 3 S G Si S 6 Si Si S3 S3 

2s 3 s 7 3s 4 s 7 s 5 s 7 s 5 s 7 2s 6 s 7 sis 7 s|s 7 sis 7 
+ s 5 + 2s 6 H 1 1 1 1 1 1 

Si Si Si S3 S3 S3 S1S5 s 5 

2s 3 S 7 S 4 S 8 SiS 7 S 8 S 7 S 8 SiS 8 S^Ss S 4 S 8 SgSg 

H h s 7 H 1 h 2s 8 + — — 

S 5 S3 S3S5 S5 S 5 S3S5 S 6 S1S3 

_l_ g l s 9 , ^4^9 ^4^9 _ S4S5S9 _ ^5^9 _ S5S7S9 _ S7S9 _ S 8 Sq _ S4S8S9 
S 3 S 6 Si S3 S1S3 Si S1S3 Si S3 S 3 S 6 

S 8 Sg S 4 Sg S? S3 S3 2s 3 S 4 S§ S§ 2s 5 S 6 
1 h 2sg 1 1 1 

s 6 s 6 s 5 s 5 s 6 s 6 s 8 s 8 s 8 

S4 S 2 2S3S4 S4S| Sg s|s4 S^S4 2siS6 2S1S4S6 



SiSg Sg SiSg S 3 Sg Sg SiSg S 3 Sg Sg S3S9 



S 6 Sg S 6 Sg S 6 Sg 

Again, there are no /c°-order contributions for this type of kinematics. 



(3.57) 
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Kinematics (&) (gfc) (gfc) (gfc) 

Let us now present the C-kinematics. Here again, as outlined in subsection 3.1, there 
are many independent contractions of the form (££) (£k) (£k) (£k) (£k) even after applying 
the cyclic symmetry ( |3.34j ). Therefore, it is impossible to write down all of them. Instead, 
we pick up two representative examples: One with triple poles in the kinematic invariants 
and an other without any poles. E.g. in the string S'-matrix ( |3.1|) after eliminating 
£i&2, £4^2, £5^2 and £ 6 &2 on-shell the kinematics (£2^3) (£1^3) (£4^1) (£5^1) (£6&i) comes 
along with the momentum dependent expression: 



Similarly, the kinematics (£1^2) (£3^6) (£4^2) (£5^2) (^6^2) appears with the momentum de- 
pendent expansion 



after eliminating £3^1, £4/21, &ki and ^ki on-shell. 

We have evaluated all kinematical configurations A, B and C up to including the k 6 - 
order, i.e. a' 4 in the string tension. The expressions become rather long. The interested 
reader may obtain more results from the authors upon request. 



(k&)(£ifc3)(&A:i)(&fci)(&fci) 




S5 2 s 2 s 3 

S2 S 8 Sq S 8 



(3.58) 




(3.59) 
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4. Multiple hypergeometric functions, generalized Kampe de Feriet function 
and Euler— Zagier sums 

The integrals, which show up in any scattering process of (only) open strings are 
quite generic. Just as any four-point open string amplitude is given by the Euler-Beta 
function B(a,b), higher point amplitudes are described by hypergeometric functions or 
generalizations thereof. The latter are also known as multiple Gaussian hypergeometric 
functions. A multiple Gaussian hypergeometric series is a hypergeometric series in two or 
more variables, which boils down to the famous Gaussian hypergeometric series 2-F1 if only 
one variable is non-zero. 



4-1. Generalized hypergeometric functions p F q 



Before moving to the six-point amplitude we review the structure of the integrals 
appearing for four- and five-point open string amplitudes. 

The Euler-Beta function B(a,b), relevant for four open string processes, is given by 



B(a,b)= dx x a (1 - x) b = - 

Jo l + « 

r(i + a) r(i + 6) 



2 F 1 [1 + a, -6, 2 + a; 1] 



(4.1) 



Re a > -1 , Re b > -1 . 
I\2 + a + b) 

Moreover, a scattering of five open strings boils down to the integralS: 

C(a,b,c,d,e):= [ dx f dy x a y b (1 - x) c (1 - y) d (1 - xy) e . (4.2) 
Jo Jo 

It is straightforward to evaluate this integral by making use of the integral representation 
of the generalized hypergeometric function p F q [^3| : 



2 Fi[-c, l + a,2 + a + 6; y 



p+lFq+l 



1 + a, ai, . . . , a p 
2 + a + b, 61, . . . ,&„ 



r(i + a) r(i + 6) 

T(2 + a + b) 

r(i + a) r(i + &) 

T(2 + a + b) 



dx x a (l-x) b (1 -xy) c 



[ dx x a (l-x) b p F q 
Jo 



ai, . . . , a 



p ; Ax 
(4.3) 



11 In that case, we have five kinematic invariants, encoded in the powers a, b, c, d and e (cf. Eq. 
(A. 15) for more details 
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with Re a > — 1, Re b > — 1, and p < q + 1. In addition |A| < 1 for the case p = q + 1. To 
this end one obtains 



C(a, 6, c, i, e) = r < 1 + °> r(l + t ) T(l + e) r(l + d) 



1 + a, 1 + 6, — e 
2 + a + c, 2 + 6 + d 



1 



(4.4) 

with Re(a), Re(6), Re(c), Re(d) > —1. Later, we will need the power series representation 
of the hypergeometric functions p F q 



p 



ai, . . . , % 



»| 



1 (oi,s) 



(ttp, s) 



f-^s\ (6 1} s) • (6„a) 

'(a+m 



(4.5) 



Here we have introduced the Pochhammer symbol (a, m) = r^y^ ■ The parameters a^, 6 3 - 
and the variable x assumed complex values, except bj ^ 0, —1, —2, . . .. We shall be only 
concerned with the case p = q + 1. For that case, the series is convergent for |x| < 1. With 



Re ( ^ h - a,i 



(4.6) 



,i=i i=i 

at | a; | = 1 the series is absolutely convergent for u> > and divergent for u < — 1. 



4-2. Generalized Kampe de Feriet function Fq':^ and triple hypergeometric function F^ 
After this warm up we now turn our attention to the integral ( |3.31| ) : 



a,b,d, e,g 
c, /, h, j 



i ,i ,i 
dx dy dz 
o Jo Jo 

a „.b „e fi „\d „.\e n „\/ i"i ~,„.\.<? / i „.~\h 



x x a y° z c (1 - xf (1 - y) e (1 - z) 1 (1 - xy) 9 (1 - yzf (1 - xyz) J . 

(4.7) 

Any tree-level scattering process with six open strings involves such type of integral. Hence, 
the latter is as elementary as the expressions ( f4.1| ) or ( |4.2| ) are generic to open string four or 
five-point amplitudes, respectively. The function, which eventually will turn to represent 
some generalized Kampe de Feriet function shows among others the symmetry: 



(4.f 



F 


~a,b,d,e,g~ 


= F 


~c,b, f,e,h' 








. a,d,g,j _ 



To proceed, we use the series expansion: 

(l-xy)° (l-yz) h = y { -^ m \[- 
v y> \ y ! ^ x x 



m,n=0 



(-g,m) (-h,n) +n 

x z y 

n) 



\x\ < 1 ; \y\ < 1 ; \z\ < 1 . 

(4.9) 
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After replacing in (|4.7| ) the polynomials (1 — xy) 9 (1 — yz) h by the above double sum 
we are able to perform the integrals with the help of the formulas ( f4.3|) , provided 
Re(d), Re(e), Re(/) > -1 and m + Re(a) > -1, n + Re(c) > -1, Re(6) + m + n > -1: 



a,b,d,e,g 
cj,h,j 



r(i + d) r(i + e ) r(i + /) 



oo 



(-g,m) (-h,n) 



m,n=0 



X 



%m) (l,n) 
r(l + m + n + b) T(l + m + a) T(l + n + c) 



(4.10) 



x 4^3 



1 



T(2 + m + n + b + e) T(2 + m + a + d) T(2 + n + c + f) 
1 + m + n + 6, 1 + m + a, 1 + n + c, —j 
2 + m + n + b + e, 2 + m + a + d, 2 + n + c + f 
Evidently, the result ( |4.1U[ ) shows the symmetry ( [4.8| ) . 

Before we undertake to write ( ^4. 1Q ) as a single analytic function we shall discuss the 
three special cases (i) h = = g, (ii) h = and (Hi) g = 0. For the special case (i), i.e. 
g = = h, the sum becomes trivial. In that case, only the terms with m = = n give a 



non-vanishing contribution. This can be seen from the identity 



(-g.ra) 

(l,m) 



5 m for g -> 



and similarly for 
F 



(l,n) 

a, 6, d, e, 
c, /,0,j 



^ ^' 7t ' ) Hence we find: 

r(i + a) r(i + b) r(i + c ) r(i + d) r(i + e ) r(i + /) 



r(2 + b + e) T(2 + a + d) T(2 + c + f) 
1 + 6, 1 + a, 1 + c, -j 
2 + 6 + e, 2 + a + d, 2 + c + / 
Furthermore, for the case (ii), with h = 0: 



X 4^3 



1 



(4.11) 



a,b,d,e,g 
c, /, 0, j 



r(i + d) r(i + e) r(i + /) E tt^v 

r(l + m + 6) r(l + m + a) T(l + c) 
r(2 + m + 6 + e) T(2 + m + a + d) T(2 + c + /) 
1 + m + 6, 1 + m + a, 1 + c, — j 
_2 + m + 6 + e, 2 + m + a + d, 2 + c + / ' 
With the power series representation for the hypergeometric function 
( f!.12|) through a generalized Kampe de Feriet function Fq':^ | 
N variables xi, . . . , xn and have the power series representation: 



(4.12) 



X 4^3 



we may express 
These are functions in 



t^A-.B 



at, 

Ci, 



Q>A '■ 6l,l, 



B, 



. cc ■ dn, . . . , di d) d 2 A, 



di,D\ 



bN,i, 
d>N,i, 



bN,B 
, dN,D 



Xi, 



n (flj, mi + . 



m N ) f[ (6ij,mi) • . .. (b N>j ,m N ) 



x 



nil 



XN 



m N 



N 



mi , 



mjv=0 11 ( c j 5 m i + ■ ■ ■ m N) n (di,j,mi) ■ . . . (d N j,m N ) 
i=i i=i 



mi! 



mAr! 



(4.13) 
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Kampe de Feriet functions are generalizations of the four Lauricella hypergeometric func- 
tionJli Fa, Fb, Fq and Fp. The latter are extensions of Appell's hypergeometric functions 
F 2 , F3, F 4 and F\ from two variables to N variables [p6| , respectively. To this end we may 
rewrite (|4.12[) : 



a,b,d,e,g 
c, f,0,j 



r(i + a) r(i + 6) r(i + c) r(i + d) r(i + e) r(i + /) 

r(2 + a + d) T(2 + 6 + e) T(2 + c + /) 



2:2 



1 + a, 1 + 6 : 1 + c, -j ; 1 
2 + a + d, 2 + b + e : 2 + c + / ; 1 



; 1,1 



(4.15) 



We may derive a similar expression for the third case (Hi). 

After having discussed the three special cases we now want to turn to the general case 



a, b, d, e, g 
c, f,h,j 



r(i + d) r(i + e) r(i + /) ^ T (- g + mi ) r(-h + m 2 ) r(-j + m 3 ) 



mi=0 



mi! 7712! m 3 ! 



x 



T(-g) T(-h) T(-j) 
T(l + mx + m 2 + m 3 + b) T(l + mi + m 3 + a) T(l + m 2 + m 3 + c) 



T(2 + mi + m 2 + m 3 + & + e) T(2 + mi + m 3 + a + d) T(2 + m 2 + m 3 + c + /) 

(4.16) 

A convenient expression for the triple sum ( |1.16|) may be also 



a, b, d,e,£r 
c, f,h,j 



x 



r(i + d) r(i + e ) r(i + /) 

T(-g) T(-h) r(-j) 

T(—g + m - n 3 ) T(-/i + m - n 2 ) T(—j - m + n 2 + n 3 ) 
r(l + 774- n 3 ) r(l + 77,1-77,2) T(l - m + n 2 + n 3 ) 

r(l + n 3 + c) 



EE E 



tii=0 n 2 =0 n 3 =ni — n 2 

r(i + ni + 6) r(i + n 2 + a 



T(2 + m + b + e) T(2 + n 2 + a + d) T(2 + n 3 +c + f) 



(4.17) 



12 



The latter correspond to the following four special cases of FclB '■ 



F A : 


A = 


1, 


B = 


1, 


C = 


o, 


D = 


1 


F B : 


A = 


0, 


B = 


2, 


c = 


1, 


D = 





F c : 


A = 


2, 


B = 


0, 


c = 




D = 


1 


F D : 


A = 


1, 


B = 


1, 


c = 


1, 


D = 






(4.14) 
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with two terminating sums. We want to express the triple sum ( |4.16|) through a gen- 
eralized Kampe de Feriet function. In fact, Srivastava has introduced a general triple 
hyper geometric function [x, y, z] depending on three variables, cf. last Ref. of [p5| 



F^[x,y,z] = F^ 



(a) :: (b); (b>); (&") : (c); (c'); (c") 
{e)::{g);{g>);{g"): (h);(h>);(h») 



x,y,z 



^2 A(m,n,p) 

m,n,p=0 



to! n! 



(4.18) 



with 



A(m, n, p) 



x 



A 

n (a,, to + ?i +p) 
i=i 


B 

J] (bj,m + n) 

3=1 


B' 

n(6}. 

3=1 


3=1 


m + p) 


n (ej, m + n + p) 

3=1 


G 

11 (gj,m + n) 

3 = 1 


G' 

n 

i=i 


G" 

n + p) Yl(g" 

3=1 


m + p) 


n( Cj ,m) fl(c' p 

3=1 3=1 


n) U(cfj,p) 

3=1 








fiih^m) f\(h' p 

3=1 3=1 


n) fl(h'j, P ) 

3=1 









(4.19) 



with (a) denoting a set of A parameter ai, . . . , and similarly for (6), (6 ; ), .... With this 
nice expression we may write our integral ( |4.7|) , which is expressed through (|4 . 1 6| ) , in the 
following closed form: 



a,b,d,e,g 
c, f,h,j 



r(i + a) r(i + b) r(i + c ) r(i + d) r(i + e) r(i + /) 



r(2 + a + d) r(2 + 6 + e) T(2 + c + /) 
(3) I" 1 + 6 :: 1; 1 + c; 1 + a : -flr, 1; -/i, 1; -j, 1 
_2 + 6 + e:: l;2 + c + /;2 + a + d:l;l;l 

^.5. Harmonic Number and Euler sums 



x F 



; 1,1,1 



(4.20) 



To analyze the string .S-matrix results, we need their momentum expansion. Hence, 
we need to expand the hypergeometric series ( |4.5|) w.r.t. small entries a,i,bi. A formal 
expression for the generalized hypergeometric function ([O) may be given 



p 



a\ + e ai, . . . , a p + e a p 
6i + e .,6, + e /3 q 



E 



(-« o* 



(m + a e, s) ~- 

' — e jt=i 

(m, s) 



m + s — 1 , k — 1 , k 



(4.21) 



50 



Strictly speaking, in the last formula, m lias to be an integer positive number, with m > 1. 
This condition limits the range of parameters cii,bj. However, by analytic continuation, 
the above expression keeps its form. At any rate, from this formula we see, that quite 
generically a class of infinite sums appears. These sums are known as Euler sums and 
involve the harmonic number H n or the generalized harmonic number H n ^ a . The harmonic 
number H n and the generalized harmonic number H Uja are defined: 

n n 
k=l k=l 

Clearly, we have -ff n ,i = H n and H n = 'Je + ^{n + 1). The harmonic number is related to 
the polygamma function if;: 

ijj(n) = -7b + H n -\ , 

(4-23) 

^ l \n) =C(2)-fT n _i >a • 



The sums, which appear after expanding the exponential ( 4.21 ) w.r.t. small e, generically 



lead to Euler sums. The following two classes of Euler sums are relevant to us: 

Shim, n) = > — — ^— — , 

oo 

ah(m,n) = > — . 



(4.24) 



for m > 1, n > 2. We have the following relations: 



OO jj 

k=l 



Efh = «(™.»)-E(7)D- 1 )"- , *^7 

fc=l fc j=0 V J / fc=l * 



(4.25) 



From the last equation we obtain the identity: 

°° H 2 

J2t^ = n) + 2 s h (l, n + 1) + C(2 + n) . (4.26) 

k=i 

It has been already pointed out by Euler, that in some cases the sums may be reduced to a 
rational linear combination of product of single sums. There is recent work on the explicit 
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evaluation of some Euler sums in Refs. [27, [28, 29]- In the following let us report some of 



their results: 



and: 



<r fc (l,2 
o"fc(l,3 

^(2,2 
^(1,4 
<^(2,3 
^(2,4 

^(4,2 



C(3) 
3 



1 



2 C(4) - - C(2) 2 , 

^ C(2) 2 - i C(4) , 

2C(5)-C(2) C(3), 
-y C(5) + 3C(2) C(3), 
-6 C(6) + | C(2) C(4) + C(3) 2 
§ C(6) - C(2) C(4)-^C(3) 2 , 
5 C(6) - | C(2) C(4)-C(3) 2 , 



„(2,2) = ^C(4) + ^C(2) 2 = y C(4), 
1 5 

s h (3, 2) = Y C(5) + C(2) C(3), 

s h (2,4) = |c(6)-ic(2) C(4) + ^C(2) 3 



C(3) 2 • 



(4.27) 



(4.28) 



In addition, we have 28 



n-2 



Sh 



1, n) = a h (l, n) = \ n Q{n + 1) - ~ £ C(n - *0 C(& + 1) 



k=i 



(4.29) 



An useful identity is the reflection formula fl2S 



tr h (s,t) + <r fc (t,s) = C(a)C(*)-C(s + *) , M > 2 



(4.30) 



which leads to 



a h {a,a)= l -aa?-\a^o) , a>2 



(4.31) 



or: 



00 7T 1 I 



n=l 



(4.32) 



So far, we have reviewed very useful identities about Euler sums from the literature. 
Essentially we have quoted results from [ p7|p8| , |29[] . Let us now apply these results to 
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infinite sums involving the harmonic number series Q4.22Q as they appear in the expansion 
of hypergeometric series: First we shall need the class of sums: 

E§ = 2 C (3) , £ § = H C(4 ) - \ C (2)» = l l f (4) , £§ = 5 C(4) , 

n=l n=l n=l 
X> //„ . _ _ _ 0- //„ _ 1 



£ -J = 3 ((5) - C(2) C(3) , J]^ = ((2)((4)--((3f. 

n—1 n= 1 

(4.33) 

Later, we shall need the following series involving the generalized harmonic number. They 
may be easily derived from the above identities: 

£ = ^(2, 4) + ((6) = -5 C(6) + - C(2) C(4) + C(3) 2 , 



n=l 

oo: 



E = cr h (2, 3) + C(5) = -§ C(5) + 3 C(2) C(3) , (4.34) 



n=l 



E -^T = a ^ 2 ) + C(6) = 6 C(6) - 5 C(2) C(4) - C(3) 2 



n=l 



In the following we shall be concerned to extend the above list to our needs in the 
subsections 4.4. and 4.5. First, using Q4.32Q let us evaluate the sum: 

E F = U t ^ C(l + b ) - + M) ] ■ (4-35) 

fe=i 



Here we have [23 



oo 1 

^ b \x) = (-l) b+1 b\ 7 T , w = 61 C(6+l,x) , (4.36) 

which for x G N may be also conveniently written: 

^ 6 " 1 )(n) = (-l) 6 (6-1)! [C(b)-H n _ 1>b ] , 6>1. (4.37) 
With ( IQID Eg. flQgp boils down to 

oo 

£fcW^ W= 2 H)H1|,! [C(26 + 2) + C(6 + l) 2 ] , 
fc=i 

for the case a = 1 + 6. 
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Before we proceed, we shall present the series: 

oo 1 a 

y ? T\ = « - y cw • (4.38) 



1=2 



This identity may be proven by induction, with noting: Y n (n+i) = ? /'(l)+7s + l = l; 

n=l 

V'(l) = ~ 1e- Next, we present the identity: 



E ra(ra ii)a g "-i = \< a + !) - ^ E * c(* + !) - X> - * + !) ceo 

n=l ' ~ i=2 i=2 

1 a-3 * ( 4 - 39 ) 

+ 2-EE^ 2 +*) c(2+fc-o- 

£;=0 i>0 

oo 

Again, this identity may be proven by induction, with noting Yl n(n+i) ^ n - 1 = Some 

n=l 

special cases are: 

E 7 — ZTv4"^ n_1 = " 4 + + ^ + " ^ ^ + 2 ' 
00 1 5 

E ra(w + i)4 g "-i = 10 " 3 ^ 2 ) " 3 ^ 3 ) " 4 + ^ 2 ) ^ 3 ) " 2 ' ( 4 - 4 °) 

oo 

E ra 2 (ra + i)4 g "-i = "20 + 6 C(2) + 7 C(3) + - C(4) - C(2) C(3) + 2 C(5) . 

n=l ^ ' 

For the power series expansion of the hypergeometric functions 4F3 we shall need the 
two series: 

(0 E W ( W +7)3 = 10 " 3 C(2) " 2 C(2)2 " C(3) " 2 C(4) + 2 C(2) C(3) " T C(5) ' 

w E - {n +\ )3 = 10 - 2 c(2)2 - 5 c(3) - 2 c(4) - c(2) c(3) + 2 c(5) • 

n=l ^ ' 



Both series may be determined by making use of the decomposition: 

1111 



n(n + l) 3 n(n + l) (n + l) 2 (n + l) 3 
Let us first prove the series: 

//„ ■> .... 1 1 .... 11 



(4.41) 
(4.42) 



E w(w+ 'i)3 = ^ 3 ) - 2 c(2)2 + 2 c(4) + y c(5) " 3 c(2) c(3) • (443) 

n=l ^ ' 
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According to the decomposition ( 4.42 ) we need the series: 



OO OO , x OO , TT TT \ °° 1 

£ TTn = £ ( — rr ) H., = E --— 

z — 'n(n + ll z — ' \n n + 1/ z — '\ n n ) ' n J 

n=l n=l n=l n=l 

oOjj- oo „ 00 rr 00 i 1 1 

fl n , 2 V- ^2 _ V- J_ 1 f s 2 _ 1 , . 

Z^( n + 1 )2 n 2 n 2 Z^ n 4 2 U J 2^ J ' 

n=l n=l n=l n=l 



00 IT 11 

E T^ffvB = ^(2, 3) = ~- C(5) + 3 C(2) C(3) • 



n=l 



(4.44) 



After putting together all three series along ( |4 . 4 2| ) we obtain ( |4.43| ). 
To prove the series (i) of Eq. ( |4.41| ) we write: 



y^ V^ lj (n) = y^ 1 y^ 1 = y^ 1 [ y^ J_ _ y^ J_ 

^n(n + l) 3 ^n(n + l) 3 ^ (n + k) 2 ^n(n + l) 3 \^k 2 ^ k 2 

i=l v ' n=l v > k=0 K ' n=l v v ' - ' - 



v fc=l fc=l 



1 X"^ #n-l,2 



E _L 1\3 E 



— ' n(n + l) 3 ^— ' n(n + l) 3 

i=l n=l ' 

00 rr oo 1 

= c(2) [3 - c(2) - c(3)] - y , + y — . 

n=l n=l 

(4.45) 

The first term is obtained from ( |4.38| ) . The second term corresponds to ( f4.43Q and the last 
sum is straightforward to calculate: 

^ n 3 (n + l) 3 

n=l ' 

Hence, after putting all pieces together we obtain the series (i) of Eq. ( |4.41| ). 
Before we undertake to evaluate series (ii), we shall prove the series: 

E n(n + i)3 = 3 " | " 2 C(2)2 + 2 C(5) ~ C(2) C(3) • (446) 

Tl=l ^ ' 

Similar as before, we shall calculate the series: 

00 u 2 00 / 1 i \ 00 / u 2 u 2 

n(n + 1) ^— ' V n n + 1 / n Z-j V n n 

n=l s ' n=l x ' n=l x 

00 ZJ 00 1 

= 2 £§-£i = 3c(3) , 



n=l n=l 



00 rr2 a | 



(4.47) 



n 



x t2 



£7^rW = ^ 2 - 3 >' 



, (n + I) 3 

n=l ' 
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The Euler sum Sh(2, 3) may not be found in the list ( [4.28 ). Instead we may determine it 
by using some identities from [StJ. In this work, the relation 

— #n-i,c = ((a, 6, c) + ((a, c, b) + a h (b + c, a) , (4.48) 

n=l n 

involving the so-called triple Euler sum 



oo n — 1 m — 1 ^ 

C(a,M = EE E:^ 



n=l m=l k=l 



n a m b k c 



(4.49) 



has been proven. Furthermore, in Ref. |3(J a list of values for £(a, 6, c) has been given, in 
particular £(3, 1, 1) = 2 £(5) — ((2) C(3). Hence we have: 



«ft(2,3) = £ 



oc 2 



E 



n-l 



2 C(3, 1, 1) + * h (2, 3) = - - C(5) + C(2) C(3) • 



^-f(n+l)3 

i=l n=l 

From ( |4.47| ), together with the decomposition ( f4.42| ), we obtain ( |4.46| ). 



(4.50) 



Finally, we undertake to prove (ii) of Eq. (|4.41|) . We first write 



E 



H n-1 



V ^ + V - 2 V 

^n(n + l) 3 ^n 3 (n + l) 3 ^ 

n=l n=l n=l 



•i n 2 (n + l) 3 



(4.51) 



The first two sums have been presented above, while for the last sum we have: 



E 



_ ... , n; 3C(2)+4C(3) + -C(4). 
— 4 n z (n + 1 r 4 

n=l 

After inserting all sums into ( |4.51| ) we arrive at the final result (ii) of Eq. ( f4.41| ). 
The relation ( |4.48| ) is very useful. For b = c it boils down to: 

oo tt2 

H - -1,6 



J2^± = 2C(a,6,6) + <7 fc (26,a) . 



(4.52) 



n=l 



From i?e/. ]3(| we have 

C(o,o,o) = I C(a) 3 - I C(a) C(2a) + J C(3a) 

D z 3 

which allows to derive the following identity from ( [4.521 ): 



(4.53) 



oo H 2 



E 

71=1 



n- 



2 C(2, 2, 2) + a h (4, 2) = - C(2) d - C(3)' - tj C(2) C(4) + C(6) • (4.54) 
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4-4- Momentum expansion of hyper geometric functions 3F2 and 4F3 

In the previous subsection we have compiled material, which one needs to expand 
Gaussian hypergeometric functions (|4.5| ) w.r.t. to small parameter Gtj and bj. To obtain 
the a'-expansion of a five-point string ^-matrix one needs the power series expansion of 
( |4.2|) w.r.t. the small parameter a, . . . , e. Let us present some important examples, which 
prove to be useful in any five-point scattering process on the disk (c/. appendix A). With 
the previous results and appendix B we may derive the following two expansions w.r.t. 
small parameter a, . . . e 



C (a ,6, C ,d,e)^ r ( 1 +l r(1+ ''!^ + ? )r( . 1+rf) 3 F 2 



1 + a, 1 + 6, — e 
2 + a + c, 2 + 6 + d 



T(2 + a + c) T(2 + b + d) 
=\-a-b-c-d-2e+e C(2) +a 2 +ab + b 2 + bc + c 2 + ad + cd + d 2 

+ 3ae + 3be + 3ce + 3de + 3e 2 + 2ac + 2bd 

-{ac + bd + ae + be + e 2 ) C(2) -(ae + 6e + 2ce + 2de + e 2 ) C(3) 



a 



a b — ab 



b 3 -3a 2 c-2abc-b 2 c-3ac 2 - be 2 



c 3 - a 2 d-2abd-3b 2 d 



-2acd-2bcd- c 2 d- ad 2 -3bd 2 -cd 2 - d 3 



4a 2 e — 4abe — 4 b 2 e — 8 ace 



-4bce-4c 2 e-4ade-8bde-4cde-4d 2 e-6ae 2 -6be 2 -6ce 2 -6de 2 -4e 3 
+ (a 2 c + abc + ac 2 +abd + b 2 d + acd + bcd + bd 2 + a 2 e + abe + b 2 e + 3ace + 3bde 
-cde + 2ae 2 + 2be 2 + e 3 ) ((2) + (a 2 c + a c 2 + b 2 d + bd 2 + a 2 e + abe + b 2 e + 2 ace 
+ 2bce + 2ade + 2bde + 2ae 2 + 2be 2 + 2ce 2 + 2de 2 + e 3 ) C(3) 



+ ya 2 e + abe + b 2 e + 3ace + 
be 2 



hbee 



+ 



+ 3 c e z + 3 d e z + e 



4 

C(4) + 



+ 3 c z e + 



hade 



+ 3bde + 



17 cde 



+ 3d 2 e + 



a e 



(4.55) 



and 



C(a, 6, c,d,e— 1) 



r(i + a) r(i + 6) r(i + c) r(i + d) 



r(2 + a + c) T(2 + b + d) 
C(2) - (a + H2c + 2d + e) C(3) 



3-^2 



1 + o, 1 + 6, 1-e 

2 + a + c, 2 + b + d 



a c 



+ a A +ab + b z + — + 



5 6c 



+ 3c 2 + 



had bd 



ae be 



H h 3 ^ + — + — + 3ce 



Ylcd 



+ 3de + e 2 C(4) + 



(4.56) 
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for the two integrals C(a, 6, c, d, e) and C(a, b, c,d,e—l), denned in Eq. 
We now want to propose an interesting identity 



respectively. 



3 r 2 



0U02 



1 



a\ a 2 ia\ — fa) (a 2 — fa) {a\ + a 2 + a 3 — fa — fa) 
= I (1 - a s + fa) (1 - as + (3 2 ) [ Pi P2 («i + a 2 + a 3 - /3i - fa) - «i «2 «3 ] 
x C(ai, «2, A — ai, fa — o>2, —as) 

-a 3 [a\ (a 2 - fa) («2 - fa) ~ fa fa {0.2 + a 3 - fa- fa) (1 - a 2 - a 3 + fa + fa) + 
+ a± a 2 as — ai a 2 a\ — a\ a\ fa + a\ a 2 P\ — a x a\ fa — a\ fa fa 
+3 a x a 2 fa fa + 2 ai a 3 fa fa - 2 ai fa fa + ai a 2 fa - 2 ai fa fa ] 

r(fa) r(fa) 



x C(ai, a 2 , fa - ai, fa - a 2 , 
a x a 2 a 3 



-a 3 - lj 



T(a x ) T(a 2 ) T(fa - a x ) T(fa - a 2 ) 



1 



fa fa (ai + a 2 + a 3 - fa - fa) 
x {1 + [ (a 2 - fa) (a 3 - Pi) + a 1 (a 2 + a 3 - fa - fa) - (a 2 + a 3 - fa) fa + f%] C(2) 

+ [ a 1 a 2 + a x a 2 + a 1 a 3 + 4 a x a 2 a 3 + a 2 a 3 + a x a 3 + a 2 a 3 — a 1 P x — 4 a x a 2 fa 

— a 2 Pi — 4 a x a 3 fa — 4 a 2 a 3 Pi — a 3 P x + 3 a x P x + 3 a 2 P t + 3 a 3 Pi — 2 fa — a x fi 2 

- 4a x a 2 fa - a\p 2 - 4 a x a 3 fa - 4 a 2 a 3 P 2 -a\p 2 +A a x fa fa + 4 a 2 fa fa 
+4asPiP 2 -3p 2 1 p 2 + 3a 1 Pi+3a 2 Pi + 3asPl-3P 1 Pl-2Pl] ((3) + ... , 

(4.57) 

which will be proven in section 5. In fact, it pops up automatically as a byproduct of our 
five-gloun scattering amplitude, once we perform the calculation in the way described in 
section 2. The above equation relates the hypergeometric function 3 f 2 ["V"^ 3 ] to the two 
expressions (^4.55|) and Q4.56|) from before. The power series of the hypergeometric function 



3-^2 



a x , a 2l a 3 
Pi, fa 



WO r(fa) 



r(ai) T(a 2 ) T(P 1 - a x ) T(p 2 - a 2 ) 
x C(a x — l,a 2 — 1, Pi — a x — 1, p 2 — a 2 — 1, -a 3 ) 



(4.58) 



has meromorphic poles in fi x , p 2 and a x + a 2 + a 3 — Pi — P 2 , while the functions (|4.55| ) and 
Q4.56| ) are finite. Hence the above identity yields a non-trivial relation between a singular 
hypergeometric function and two non-singular ones. From the previous results ( |4.55| ) and 
( |4.56| ) we may easily deduce the power series expansion of the singular hypergeometric 
function 3 f 2 \_ ai p" 2 ^ 3 ] ■ In fact, from ( |4.21| ) one deduces, that in that case non-convergent 
sums would appear, if one performed a naive expansion. The techniques, how to deal with 
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such cases, have been pioneered in Ref. []3T[]. However, it is quite intriguing (cf. section 5), 
that from string-theory we find powerful identities to avoid this problem. 

Finally, the momentum expansion of 4F3 2 +b+e l 2+a+d%+c+f > re l evan t to six open 
string amplitudes, will be given in appendix C. 

4-5. Multiple zeta values, Euler-Zagier sums and momentum expansion of 

In this subsection we present the tools relevant for the momentum expansion of the 
triple hypergeometric function F^ 3 \ given in Eq. ( |4.16| ). Expanding the function 
w.r.t. the parameter a, . . . ,j generically leads to triple infinite sums over positive integers. 
These sums represent generalizations of the multiple zeta values of length k: 

k 1 00 k I k . 

c( Sl ,...,s k )= Yl n-r= E II EH ( 4 - 59 ) 

n 1 >...>n k >0 j=l 3 ni,...,n fe = l j=l \i=j 

with si>2, S2, . . • , Sfe > 1. The multiple zeta value are related to the multiple poly loga- 
rithm 

k rij 

Ci Sl ,..., 8h {x u ...,x k )= J2 II ( 4 - 60 ) 

n 1 >...>n k >0 j=l U j 

for Xj = 1, i.e. C(si, • ■ ■ , Sk) = £i Sl ,... )Sfe (1, . . . , 1). The latter reduces to the Riemann-Zeta 
function for k = 1, i.e. Ci a {l) = C( a )- The case k = 3 has already occurred in ( |4.49|) and 
representative examples may be found in Ref. |]30ll . Furthermore, the multiple zeta values 
( f!59| ) have the integral representation [[52] 

c(Si -" st)= / 1 *» }\ ■>,; — -■ < 4 - 81) 

11 Xi - 1 

i=l 

Our case of interest is k = 3: 

(-l) Sl+S2+S3 f 1 , f 1 , f 1 , 9 (lnx) 51 " 1 (lny) 52 " 1 (ln^) 53 " 1 
C(si,S2,s 3 ) = . . . r — — / dx dy dz x 2 y — w v x , 

1 } r( Sl ) r( S2 ) r( a3 ) 7 io Jo (1 - x) (1 - sy) (1 - xyz) 

(4.62) 

It is this relation ( |4.62| ) , which gives (formally) the link between the two expressions ( |3.31| ) 
and ( [4.16| ) after expanding them w.r.t. to small parameter a, . . . , j. 

On the other hand, after looking closer at the nine polynomials showing up in ( |3.31| ) 



we realize, that ( |4.62| ) is not of considerable help. In fact, In the following we shall deal 
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with some generalizations of the sum Q4.59| ). These sums are called Euler-Zagier double 
series or Witten zeta function^ [|33|,|34|]. One example is the following double sum: 

oo 1 

W(r,s,t)= r n T V ■ ^ 

m,n=l x ' 

It enjoys the Pascal triangle recurrence relation 

W(r, s, t) = W(r - 1, s, t + 1) + W(r, s - 1, t + 1) , (4.64) 
and the useful relations H35j : 

2 W(a - 2, 1, 1) - 1, a - 2) = 2 C(a) , 



a-2 



IT(1, 1, a - 2) = (a - 1) C(a) - ^ C(») C(a - i) 

i=2 

W(a - 2, 1, 1) = \w{l, 1, a - 2) + C(a) , 
W(l,0,o-l) = iw(l,l,a-2). 



(4.65) 



From the latter relations we may deduce e.g. 



W(1,1,1) = 2C(3) , W(1,1,2) = ^C(4) (4.66) 



among other remarkable identities. An immediate consequence of fl4.65|) is the identity 
(«>1): 

^^(1 + 71) (l+m + n)« ^ ^ 

(4.67) 

oo oo 

which may be proven by noting £ - (1+n) j^p^p = 1, a) - £ m f^+Tr and 

m,n=l m=l 

using ( ^4.38j ). We may derive an other important series, similar to Q4.671) , namely 

oo oo 1 oo jj oo „ oo 

El _ \ ^ 1 _ \ ^ -fJn-1 _ \ ^ tl n 1 

m(l + m + n) a ~ ^ m in + l) a ~~ ^ (n + l) a ~~ ^ (n + 1) Q ^ n (n + l) c 

m,n=l v y m,n=l v ' n —\ \ ' n= l v ' n= l V > 

I a 1 a-2 

= -a + - a C(a + 1) + ^ C(») ~ « ^ C(« - C(* + 1) , 



2 

i=2 i=l 



(4.68) 



13 These zeta functions represent sums over all finite-dimensional representations p of a semi- 
simple Lie algebra g: ( s (s) = ^ [dim(p)]~ s . E.g.: Csi(2)(s) = ((s) and Cz(3)(s) = 2 s W(s,s,s). 

p 

Special values of these zeta functions calculate the volume of certain moduli spaces of vector 
bundles of curves in analogy as (,{2g) is proportional to the Euler characteristic of the moduli 
space of Riemann surfaces of genus g. 
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where we have used Eqs. (|4.38| ) and ( f4.29| ). Similarly, we may deduce: 



oo 1 1 a — 2 

V r-. — = 1 + - a ((a + 1) - C(a) - - V((a-i) C(* + 1) • ( 4 - 69 ) 

^ (1+m) (l + m + n) a 2 SK ' sy ' 2 ; sv 7 v ; 

n,n=l x 7 v ' i=l 



^ (1 +ra) (1 + m + n) a 

i,n=l x ' v ' 

After subtracting the two equations ( f4.68| ) and ( |4.69| ), we obtain: 



a-l 



T — m VT, - = -a-l + 2C(a) + VC(i). (4.70) 

^ m (1+m) (l + m + n) a v ' v ; 

m,n=l v ' v ; i=2 

The next type of sum we shall be concerned with is: 

00 1 Q 

= 2 C(3) - - (4 71) 

,n(l + m)(l + m + n) (2 + m + n) w 4' v ' y 

m,n=l \ ' \ i \ i 

This equality may be proven after performing the partial fraction decomposition 
■jT-. — : — +775- — : — r = n 1 1 — t — /o ; 1 — r and determining the two series 



00 ^ 

V — ; n r = -l + 2C(3) 

^ n (1 + m) (1 + m + n) 



m,n 
oo 



n (1 + m) (1 + m + 

1 = y 1 V 1 -2 3 - 5 , 

' n (1 + m) (2 + m + n) ' n m (1 + m + n) ^— ; n(n + 2) 44' 

m,n=l m,n=l n=l 

(4.72) 

which follow from ( |4. 67| ) and: 



V 1 /l 1 \ 1 _ y 

^— ' nm (1 + m + n) ^— ' \n 1 + m + n/ m(m + 1) ^— ' 

n,n=l m,ra=l N ' m=l 



Hm+1 2 



m(m + 1) 

(4.73) 

respectively. Furthermore, we present the identity 

00 1 

E n-u wu wu I =5-4C(3), (4.74) 

z — ' m n (1 + m) (1 +n) (1 + m + n) 

m,n=l ' 

which may be proven after partial fraction decomposition 

1 (1 1 \ (1 1 \ 1 



m n (1 + m) (1 + n) (1+m + n) \m 1 + m) \n 1 + n ) 1 + m + n 
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and determining the three sums: 



E 



E 



E 



1 m n (1 + to + n) 
1 

to (1 + n) (1 + to + n) 
1 

(1 + to) (1 + n) (1 + m + n) 



oo 1 

W(l, — t — — -jr = 2 C(3) - 1 
/ — ' m (to + 1) 

m=l 



E 



1 



m,n 
oo 



1 



1 



n (n + 1) ym + l m + n + 1 

1 . 



(4.75) 



£ n~(n + l) " 1} 



The first sum follows from ( |4.73| ) and the second from ( |4.66[ ) or ( |4.67| ). From Eqs. ( [4. 75| ) 
we may also derive 



E 



1 



(1 + m) n (1 + n) (1 + to + n) 
after performing the partial fraction decomposition: 



1 



1 1 



2 C(3) - 2 



1 



(4.76) 



(1 + to) n (1 + n) (1 + to + n) \n 1 + n J (1 + m) (1 + to + n) 
Moreover, we prove the two identities: 



E 



1 



1 



^ = 8-3 C(2) -2 C(3) - - C(4) 

,n=l 



E 



1 



(4.77) 



to (2 + n) (1 + m + n) 



C(2) + 3 C(3) - 1 



After relabeling to and performing partial fraction decomposition the first sum may be 
casted into: 

oo .. oo .. oo oo 



E 



1 



E 



1 



(n 4- 



^— ' n to (to — 1) (to + n) 2 ' to n (1 + m + n) 2 ^— ' to n (to + n) 2 ^— ' n (n + 1) 

»=i v ' v ' m,n=l v ; m,n=l v ; n=l V ' 

i>2 

According to ( [Egg ) and ( ggg ), the last two sums give W(l, 1,2) = |C(4) and 2 - £(2), 
respectively, while the first sum may be written: 



\2 ■ 



E 



E l 1 ^ 



m n (1 + m + n) 2 ^— ' V to n / (to + n) (1+m + n) 

= 1 x ' m,n=l x ' v ' v ' 



= 2 £ 



^ to (to + n) (1 + m + n) 



oo „ 

2E^flF = M3-C(3)-C(2)] 

n=l 
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On the other hand, the second sum of ( f4.77|) may be written: 

oo 1 oo 1 

Y l = 2 y - y 

^— ' m (2 + n) (1 + m + n) 2 ' m (m + n) (m + n — l) 2 ' 



m (2 + n) (1 + m + n) 2 ' m (m + n) (m + n — l) 2 ' 2 m (1 + m) 2 

1 m,n=l m=l 

°° 1 1 °° ff 3 

" E — = - 1 + o - + 2 E 27TT S = -5 C(2) + 3 C(3) - 1 • 
m 13 2 ' n z (l + n) 2 

m=l n=l 

Besides, let us check the following sum: 

oo 11 

£ (l + n)m»(m + n)» = ~2 C(4 » + 2 C(2 » 2 + 5 « 3 > " 4 « 2 » ' ^ 

m,n=l 

After writing the numerator 1 = 1+n+m-m-nwe may divide the sum into a combination 
of the following three pieces: 

00 1 1 11 

E -^—^2 = E^^ = ^ 2 ' 2 ) = 9 c(2) 2 -^ c(4), 

/ — ' ?7i (m + nr ' m^ n A 2 2 

m,n=l m<n 



V > 1 V > 1 1 v ■> 1 

^— ' m (1 + n) (m + n) 2 ^— ' m (2 + n) (1 + m + n) 2 2 ' m (1 + m) 2 

n,n=l x ' x ' m,n=l \ / \ / m=l ' 

= -2 C(2) + 3C(3) , 

^ — \ 1 V > 1 1 v ■> 1 

^— ' m 2 (1 + n) (m + n) m 2 n (1 + n) ^— ' n (1 + n) 2 

?j.,?i = 1 m,n=l n=l ' 

00 1 

E — ; n w 7 = 2 C(2) - 2 C(3) 

/ — ' . n ( 1 + n) ( 1 + m) ( 1 + m + n) 



,_ + n) (1 + m) (1 + m + n) 

m,n=l ' 

(4.79) 

While the first sum of ( |4.79j ) is standard (cf. Eq. ( |4.49j )), for the second sum the result 
( |4.77|) and for the third sum the identity ( |4.76|) have been used in addition to Eq. fll38| ). 
After putting these sums together we prove (|4.78| ). 

So far we have listed all sums we shall need for expanding the six functions ( |3.50| ) 
up to first order in the momenta Sj. To go beyond this order we have also calculated the 
following three triple sums: 

y = I c( 4) , 

^— ' mi m.2 (mi + W3) (^2 + WI3) (mi + ^2 + W3) 4 



00 



1 19 

E^ mi m 2 (1 + mi + m.3) (7712 + m3) (mi + + ma) 4 



00 



E 7 w ^-w^ V = ¥ C(4) + 2 C(3) - C(2) - 5 . 

mi m2 (mi + m3j (m2 + m3j (1 + mi + 1712 + m3j 4 

(4.80) 
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These two sums may be proven, by first computing the following somewhat simpler triple 
sums: 

13 „ ^ . . 3 2 



£ ( i +roi+TO3 ) ( m2+m s) {mi+m2+m3 r = -t c(4) " 3 c(3) + 2 c(2) + 2 « 2 > 



m 

OO 



E 7TT Z w ZI w Z Z-^ = - 2 C ^ " 2 C ^ + ^ + I ^ ' 

^ mi (f + mi + m 3 ) (m 2 + m 3 ) (mi + m 2 + m 3 ) 2 

Yli — 1 

00 1 

E FTZ Z W Z x = 2 C(3) + C(2) , 

^ mi m 2 (1 + mi + m 3 ) (m 2 + m 3 ) 

1 — A 



trii 
oc 



y 7 ^7 7 = 8 C(4) - 2 C(2)' 

--^ mi m 2 (m 2 + m 3 ) (mi + m 2 + m 3 ) 



m 

oo 



E 1 J w Z-^f = T C ^ " ^ ' 

mi m 2 (m 2 + m 3 ) (mi + m 3 ) 2 

°° f 5 3 

^ m 2 (mi + m 3 ) (m 2 + m 3 ) (mi + m 2 + m 3 ) 2 + 2 ^ 2/> 



oo 



E 7 Z w zAz Z Z ^ = T C(4) " 2 C(2) ' 

(mi + m 3 ) (m 2 + m 3 j (m x + m 2 + m 3 r 4 

mi = l 

E ( Z w Z wTZ Z Z- -r = 7((4) + 2((3)-C(2)-5 

' — ' mi m 2 (mi + m 3 ) (m 2 + m 3 ) (1 + mi + m 2 + m 3 ) 4 



oc 



Y T, w 1 —TT I V = 5-2 C(3) - C(2) • 

^ mi m 2 (1 + m 2 J (m 2 + m 3 J (l+mi+m 2 + m 3 ) 

(4-81) 

In addition, we have also derived the following sums involving the harmonic number 



m 
oo 



E nZZ^Z ^ = | C(4) - C(2) 2 , 

^mi (l + mi + m 3 ) 2 2 



oo 



E — n , 2 = "3 + C(2) + C(3) + C(4) , 

^ mi (1 + mi + m 3 y 

rrn—1 



OO rr 

m « = I + C(2) - 2 C(3) 

1 mi (I + m 3 ) (1+mi +m 3 ) (2 + mi +m 3 ) ' 

(4.82) 
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00 U it; 

= _ _ C(2) - 2 C(3) 

=i mi (l + m 3 ) (1 + mi +m 3 ) (2 + mi +m 3 ) 4 sw sw ' 



m 
oo 



V H m 1+ m 3 = _3 _ 5 (2) 11 (4) 

^ mi (l + m 3 ) (1 + mi + m 3 ) (2 + m x + m 3 ) 2 2 sv ; 2 sv ; ' 

— -1- 

°° H 3 1 

^ mi {mT+m 2 y = 2 C(4) + 2 C(2) ' ' 

oo 

E — — = 5 C(4) - C(2) 2 , 

— ' mi (mi + 1712) 



rn 

oo 



E — H r\ i = t c(4) - * c(2)2 ' 

4 — ' mi m 2 (mi + m 2 ) 2 2 



mi= 

oo 



m 

oo 



E m 2 (m™ m 2 )2 ~ 2 C(4) + 2 ^ ' 



m 

oo 



m 

oo 



e m2( 2 +m3 Hr +m2+m3) ^ - - 2 « 2 » - « 2 » 2 + f « 4 > • 



oo 



E m , (2+m ,^- + ' m3+m , ) » = "I + 5 « 2 > " « 2 ' 2 " § « 3 > + 6 « 4 > • 



oo 



V H m 2 +m 3 = 23 _ 5 _ 3 

^ m 2 (2 + m 3 ) (l+m 2 + m 3 ) 2 4 UJ 2 UJ 2 UJ ' 

and finally the following triple sums: 

oo 1 3 1 

E mi(1 + mi+m ,), - " 3 + 2 « 4 > " 2 « 2 ' 2 + « 2 » + « 3 > • 

rrii = l 

oo 1 

E 7q 77^ X2 = "2 + 3 C(4) - C(2) 2 + C(2) , 

mi (1 + m 3 ) (1 + mi + m 3 ) 2 

1 = -- + 2 c(3) , 

^ mi (1 + m 3 ) (1 + mi + m 3 ) (2 + mi + m 3 ) 4 

y> 1 _ 11 _ 7T 2 7^ _ 

m ^mi (l+m 3 ) 2 (l + mi + m 3 ) (2 + m x + m 3 ) ~ 4 6 + 72 C( } ' 

(4.83) 
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1 _ _29 ^ A 

^ mi (l + m 3 ) (l + mi+m 3 ) (2 + mi+m 3 ) 2 ~ 4 + 4 + ^ ' 



m,i = 
oo 



E nT wTT T T r = j + 3C(4)+C(2)-C(2) 2 -2C(3) , 

mi (1 + m 3 ) (1 + toi + m 3 )^ (2 + mi + m 3 ) 4 

OO 

E Fo I v n z 1-^3=-^ -T C ^ + ^ C ^ 2 + 4C ^ + ^ 

m2 (2 + m 3 )^ (1 + m2 + ms) 13 2 4 2 2 



m 

oo 



m 

OO 



E , 9 . wi! I = A + | C(2) - 5 C(2) 2 - J C(3) + H 

77i2 (2 + m3j (1 + mi + rri2 + m^) 6 2 2 2 2 4 



E (1+m3)m2(2+ l 3) d +m2+m3)2 = - 1 + 3 « 4 > + \ « 2 > - 3 « 3 > - « 2 > 2 

7Tli = l 

These results may be proven through multiple applying partial fractioning and using rela- 
tions derived above and in subsection 4.3. 

Let us move on to the power series expansion w.r.t. small parameter a, . . . ,j of the 
function f\ ^+^b+ m2 s,d+ m2 e,e+ m ^, g + m35 ] g[ ven [ n Eq. (O). However, the parameter ma 

are some integers in the range G {0,±1,±2}. According to the definition ( ggp , 
this corresponds to the integral (|3.31|) , with the parameter a, . . . , b being some linear 



combination of kinematic invariants s$ and n^, given by .Eg. ( |3.32j ). We shall expand 
the triple sum ( |4.16| ) w.r.t. small parameter a,...,j. Generically this leads to a power 



series in the parameter a, . . . ,j with its coefficients given by some triple, double or single 
Euler sum of the type we have discussed above. Let demonstrate, how it works for the 
function ^["y'/f'/ia]- To keep the expressions short, we shall only write up, how the g 
and /i-dependent terms appear up to the second order. With this example the procedure 
should become clear, how the power series expansion of ( f4.7| ) is obtained and how at each 
order generically some multiple Euler-Zagier sum appears. Of course working out all the 
dependence in all parameter a, . . . ,j is quite cumbersome, since at each order some triple 
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sums have to be evaluated. For the case at hand we obtain from Eq. ( 4.16|) : 



a, 6, d,e,g 
c, f,h,j - 2 



r(i + d) r(i + e ) r(i + /) 



X 



T(-g) T(-h) T(2-j) 
r(l + mi + m 2 + m 3 + b) 



E 



r(— flr + mi) T(—h + m 2 ) T(2 - j + m 3 ) 



m;=0 

r(l +mi+m 3 +o) 



mi! m^! 777,3! 



T(l + m 2 + m 3 + c) 



T(2 + mi + m 2 + m 3 + 6 + e) T(2 + mi + m 3 + a + d) T(2 + m 2 + m 3 + c + /) 



m 3 = 



(1 + m 3 ) 2 



•0/ + ^)[ E 



mi ,7713 = 



mi (1 + mi + m 3 ) 2 ^— ' mi (1 + mi 

1 mi =1 



+ E 



mi = 



=C(2)-1 



= -2+C(2)+C(3) 



=2-C(2) 



+^ E 



m 3 



l mi m 2 (mi + m 3 ) (m 2 + m 3 ) (mi + m 2 + m 3 ) 



4 C(4) 



+ (g 2 + h 2 )[ E 



mi — 1 



7711,7713 



mi (mi + m 3 )< 



+ (a, 6, c, d, e, /, j) — dependent terms + . . . 



<(2,1,1)=C(4) 



= C(2) ~(g + h) ((3) + + + - C(4) + (a, 6, c, d, e, /, j) - dep. terms + . . . . 

(4.84) 

We now present the full expansions for the functions Q3.54 ), which we need to obtain the 
a/ -expansion of the six-gluon amplitude. Above we have compiled all the sums necessary 
to perform this work. We obtain the following results: 



a, 6, d,e,g 
c, f,h,j 



= l-a-b-c-d-e-f-2g-2h-Zj + (g + h + j) C(2) + j C(3) 

+ a 2 +ab + b 2 + ac + bc + c 2 + 2ad + bd + cd + d 2 + ae + 2be + ce 
+ de + e 2 + af + bf + 2cf + df + ef + f 2 + 3ag + 3bg + 2cg + 3dg 
+ 3eg + 2fg + 3g 2 + 2ah + 3bh + 3ch + 2dh + 3eh + 3fh + 5gh 
+ 3h 2 +4aj + 4bj + 4cj + 4dj + 4ej + 4fj + 8gj + 8hj + 6j 2 

— (ad + be + cf + ag + bg + cg + fg + g 2 + ah + bh + ch + dh + h 2 
+aj + bj + cj + 3gj + 3hj + 2j 2 ) C(2) 

- [ g 2 + 2 dg + 2 eg + 4 hg + h 2 + 2 j 2 + 2 eh + 2 fh 

+2(d + e + f + g + h)j + a(g+j)+c(h + j)+b(g + h + j)} ((3) 



[ j (a + b + c) + J - (5 d + 5 e + 5 / + 2 g + 2 h + j) ] ((4) + ... . 



(4.85) 
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The other sums encountered above appear in the expansion of the following functions: 

a,b,d,e,g 



c, f, h,j — 2 



a + 1, 6, d, e, g 
c, f,h,j - 1 



= (l+j) C(2) - (a + b + c+ 2 d + 2e + 2 f + g + h + 2 j) C(3) 

+ j 2 C(2)-J (a + & + c + 2d + 2e + 2/+ 5 + /i + 2j) C(3) 
+ | a 2 + 6a + ca + 6 2 + c 2 + 3 d 2 + 3e 2 + 3 f 2 + g 2 + h 2 + 3 dg 

„,„„,, da 5ea 5 fa oa aa hi a 
+ 3eg + 3eh + 3fh + bc+ — + — + ^- + ^- + — + 

2 4 4 4 2 4 

5j 2 56d bed be bee Vide 56/ cf 17df 

+ ^r + —r + —r + iv + —r + —r~ + ~r + + —r~ 
4 4 4 2 4 4 424 

17ef 6o eg 5fo 6/i c/i 5dh 7qh 56? 

+ — t~ + J r + TT + ^r- + -r + -r + ^ + J ^r + —r 
4 422442 4 4 

5c? 17a 7 ? 17e? 17 f? 5a? 5a? 5? 2 1 Wj , 

+ —r + —r- + — ! r L + J !r + ^- + J r \ C(4) + • • • , 



31o 2 , 2 



4 4 4 4 2 2 4 

= -1 + C(2) +3a-6-c+3d+2a+j 

-(2a-b-c + d-e-f-2h) C(2) 
-(6 + c + 2d + 2e + 2/ + 2o + 3/i + j) C(3) 

-6a 2 +4(6 + c- 3d-2o-j)a-6 2 -c 2 -6d 2 + ^ j' 

8 

+ 4 cd + 3 co - 8 dg + 4 /a + cj - 4 dj + gj + b (-c + 4 d + 2 g + j) 
+ { 3 a 2 + [-3 6 - 3 c + 5 d - 2 (e + / - o + 2 /i) + j] a + 6 2 + c 2 
+ d 2 - g 2 - 2 cd + ce - 2 de + 2 cf - 2 df - eg - 2 eg + 2 ch 
-4dh + b(c-2d + 2e + f + 2h)-(e + f-g + 2h)j} C(2) 
+ {a 2 + [b + c + 4 d + 3e + 3 / + 4 (g + h) + 2 j] a - b 2 - c 2 + 2 d 2 
-2 e 2 -2 f 2 -2 g 2 -3 h 2 -bc-bd- cd-3be-2 ce-2 bf -3 cf 
— 3 cf — 2 bg — 2 eg -\- 2 dg — 2 eg — 4 f g — 4 6/i — 4 c/i + d/i — 6 ch 
6 fh 4 gh 6j - cj + dj - ej - fj - 2 gj} £(3) 

f l2 , 5d6 e6 5/6 06 3/i6 j6 2 o n o 2 
+ <^ 6 2 + c6+ — + — + + + — + J —+c 2 + 3d 2 + 3e 2 
{ 4 2 4 2 2 4 

„ 9 7a 2 9 3ad 5cd 5ce 17de cf 17df 17ef 

5co , 5/9 7aft 3<A lldfe 29eA 29/ft 

+ _? +6(i9 + 6e9+ ^ + _ + _ + _ + __ + ^_ 

. 1 ^ + ^ + 3 dj+3ei+ 3 /i+ HMl <(4)+ .,. . 



4 4 ' 4 



(4.86) 
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a,b,d,e,g- 1 
c, /, h, j 



a,b,d,e,g 
c+ j - 1 



a, 6 + 1, <i, e, g 
c, /, ft, j - 1 



= C(2)-{c + f-h + j) C(2) 

-(a + 6 + 2d + 2e + £? + 2ft-i) C(3) + . . . , 

= -1 + C(2) -a-b + 3 c + 3 f + 2h + j 

+ (a + b-2c + d + e-f + 2g) C(2) 
-(a + 6 + 2d + 2e + 2/ + 3^ + 2ft + i) C(3) + . . . , 

= -1 + C(2) -a + 36-c + 3e + 2 9 + 2/i + j 

+ (a-2 6 + c + d-e + /) C(2) 

-(a + c+2d + 2e + 2f+2g + 2h + j) C(3) + . . . , 

C(3) - - (4a + 4b + 4c + 5d + 5e + 5f + 2g + 2h + j) ((4) + ... 

(4.87) 

The function F[ c +{ b } d f l B ' ! L 1 ] may be obtained from F[ a ^l^ d .^ thanks to the symmetry ( |4.8| ), 
i.e. through the permutations a <-» c, <i <-» /, g ^ ft on the latter. 

Momentum expansion of singular triple hypergeometric functions 

In this subsection we shall address the case when the integrand of (|4.7| ) has poles. 
One example is the integral 



a, 6, d,e,fir 
c, /,ft,j - 1 



a — 1, b — 1, d, e, gr 
c,f,h,j 



-1 ..6-1 



<ix / / dz x a 1 y l ' z" 
'o Jo Jo 

x (1 - x) d (1 - y) e (1 - z)f (1 - xy)» (1 - yz) h (1 - xy Z y , 

(4.88) 

whose integrand diverges for x, y — > 0. Hence we should expect a double pole 4j in the 
expansion of F[°" 1 ,: l ' / "^ ,e,s ] w.r.t. to small parameter a : ...,j. For the case at hand the 
sums in the general expression ( f4.16| ) are not convergent. However, this problem is only a 
manifestation of the chosen integral representation ([4.1 6|) and other representation would 
be well-behaved after proper analytic continuation. For the case at hand we may not 
expand (|4.16| ) due to the lack of absolute convergence. We do not undertake to obtain 
the appropriate convergent expression of ( f4.16| ) for that case rather we follow the methods 
anticipated in fl3~lf . We add and subtract a similar singular piece to F [ a ~ 1 ^fX',f e ' 3 ]' sucn 
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that we obtain two expressions, which may be handled easily. The integral F[ a ~ 1 f~l 
is rearranged as a sum of two pieces: F[ a ~ 1 c b fl'f e ' 9 } = If + 2|, with: 

lf= f dx f dy f dzx a ~ l y h ~ l z c (1 - x) d (1 - y) e (1 - z) f (l-yz) h 
Jo Jo Jo 

x { (1 - xy) 9 (1 - xyz) j - 1 } 
l b j = (J dx Z" 1 (1 - x) d ^j (J dy J dz y h - x z c (1 - y) e (1 - *)' (1 - yzA 



d,e,9j 



B(a-l,d) 



C(6-l,c,e,/,fc) 



(4.89) 



The integrand of the first integral Xf stays finite for x,y — > 0. Hence we may easily 
expand this integral w.r.t. to the parameter a, . . . , j. On the other hand, the two integrals 
of the second expression X\ have poles. However, the latter may be treated easily by using 
material of subsections 4.1. and 4.4. The double integral (7(6—1, c, e, /, h) may be obtained 
from the results of appendix A. More precisely, the latter may be expressed as a linear 
combination of $i and $2 5 given in fl4.55| ) and ( [4.56|) , respectively: 



C(a — 1, 6, c, d, e) 



[l-a + b + d + e) (1 + a + c + e) $i - e (1 + c + d + e) $ 2 

a (1 - a + 6 + d) 



To this end, we find 



lf = j(C(2)-l)-(g + j) C(3) + . 



_-dC(2) + ... 
a 



i_£±/ +A+ (£±/)!_ c(2)(e + ^ + A) + 



(4.90) 



and altogether: 



a — l,b — l,d,e, g 
c, /, h, j 



1 c + / | (c + f) 2 + bh 
a b a b a b 



d + il + i±±) ((2 ) + 0(«). 
b a b a J 

(4.91) 



Our next example is the integral: 



a - 1,6, d, e,g 
c, /, /i, J 



cte / dy / d^ x a 1 ^ c 
o Jo Jo 



(4.92) 



x (1 - x) d (1 - y) e (1 - z) f (1 - xy) 9 (1 - yz) h (1 - x^) J 
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which again may be split into two contributions: 



lh= I dx [ dy f dzx a - 1 y h z c (1 - x) d (1 - y) e (1 - z) f (1 - yz)' 
Jo Jo Jo 

x { (1 - xy) 9 (1 - xyz) 3 - 1 } 



T 



n 



dx x a 1 (1 - x) 



l ) U d y I dz y b z ° (i-yy i 1 -^ (i-y^) ■ 



V 

= B(a-l,d) 



= C{b,c,e,f,h) 



(4.93) 

The first integrand of the first integral Xf T stays finite. Moreover, the second integral of 
Ij T has not any poles either and may be evaluated by the results of section 4.4. It is 
equivalent to <&i, given in ( f4.55| ). With this information, we find: 



l?!=g + 3j -(g + 2j)((2) + ... 
1 
a 



l b n = [ - - d C(2) + ...) (1-b-c-e- f-2h + C(2) h + ... 



(4.94) 



Finally, we obtain 



a — 1, b, d, e, g 
c, f, h, j 



a a a 



(4.95) 



As a third example we want to discuss the following integral: 



a — 1,6 — 1, d — l,e — l,g 
c-l,f -l,h,j 



dx I dy I dz x"- 1 y h ~ x z c ~ l (1 - x 



\d-l 



'0 Jo Jo 
x (1 - yy- 1 (1 - z)^ 1 (1 - xy) 9 (1 - yz) h (1 - xyz) 3 . 



(4.96) 



The integrand has meromorphic poles at x,y,z = 0,1. Therefore, this integral implies 
various triple poles after expanding w.r.t. to small a, . . . , j. There is not a simple way to 
disentangle the singular part of this integral in the way applied before. On the other hand, 
from our system of equations for we may easily deduce the momentum expansion: 



a — 1,6 — 1, d — l,e — l,g 



[a + d) (c + f) (a + d) (d + e)+dg 



e + f 



a b c d f acde(d + e + g) a e f (e + f + h) 

(d + e) (e + f) (d + e + f + g) + [(d + e) (e + f) + eg]h _ lN 

def (d + e + g) (e + f + h) (d + e + f + g + h + j) [ " ' 

(4.97) 
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5. Reducible diagrams and contact interactions 

We have found, that thanks to the relations Eq. (|3.48|) the six-gluon string S-matrix 
( |3.1| ) at the disk-level may be expressed as a linear combination of six triple hypergeometric 
functions. The latter encode the o/ -dependence of the full string amplitude. In that linear 
combination the coefficients in front of those six functions are meromorphic polynomials 
in the kinematical invariants Sj. In Eqs. (|3. 56 ) , ( |3.57|) and (|3.59|) the string S-matrix 
is given as a power series in a' up to the order a' 4 . In order to correctly interpret this 
result, we look on the latter from the field theory side. More precisely, the string S-matrix 
comprises many field-theoretical Feynman diagrams with six external legs. Out of this 
set of diagrams we are only interested in the irreducible diagrams as they only represent 
new interaction terms in the low-energy effective action. The reducible diagrams may be 
built by the Feynman rules applied to the known terms in the effective action. The string 
S'-matrix result is organized as a power series in the momenta of the external states (cf. 
Eqs. ( p.56| ), ( |3.57| ) and (|3.59| )). Each power in the momenta comprises a certain class of 
reducible and irreducible Feynman diagrams. All terms in the expansions are weighted 
with special values of the Riemann zeta-function. Formally, the six-gluon string S'-matrix 
assumes the momentum (a') -expansion: 

A 6 (k) ~ k~ 2 + k° + C(2) k 2 + C(3) k 4 + C(4) k 6 + 0(k 8 ) . (5.1) 

Up to k 6 (a' 4 ), there occurs the set of zeta-values: C(2), C(3), C(4) and C(2) 2 , together 
with 1 accounting for pure Yang-Mills diagrams (field-theory). But only C(2) 2 and £(4) 
appear at the order a' 4 (cf. Eq. (|3.59|) ). This has important consequences on the number 
of reducible diagrams, which the string S-matrix may comprise at this order in a'. Each 
a/ -order brings a new set of zeta functions and combinations thereof. E.g. at the a - 
order ((5) and £(2) C(3) show up, while up to the a /6 -order C(6),C(2) C(4),C(2) 3 and 
C(3) 2 show up in addition to the previous zeta-values. As we shall see, each zeta-value in 
the o/ -expansion gives information about a class of underlying reducible and irreducible 
diagrams. 

Since we want to extract the six-point interactions^ of the terms F 6 , D 2 F 5 and D 4 F 4 
from the string S-matrix ( |3.1| ), we shall be only interested in the irreducible diagrams at 



14 Note, that the D 4 F 4 terms are in principle already known from the four- and five-gluon 
string S-matrix. Hence, its four-vertex Vf with four external gluons and its five-vertex V5 with 
five external gluons will also appear in the reducible diagrams. The same is true for D 2 F 5 : Its 
five-vertex Vj is already determined from a five gluon scattering amplitude. However, the six- 
vertex Ve with six external gluons, build from D A F A and D 2 F 5 , is determined by our six-gluon 
amplitude at a' 4 . 
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momentum order 0(k 6 ), i.e. the contact interactions of six gluons, as only those represent 
new interaction terms in the effective action at order a/ 4 . Therefore, we shall study the 
a/ 4 -order of Eqs. (|3.56| ), ( |3.57|) and (|3.59| ) in more detail. Of course, the lower orders of 
the latter are also interesting as they should correctly reproduce Yang-Mills interactions 
of Table 1 up to the order a/ 3 as a consequence of unitarity. The lower momentum orders 
k~ 2 , k 2 , /c 4 of the string S-matrix ( |3.1| ), represent reducible diagrams with six external 
legs. Because of unitarity they must be completely determined by the Feynman rules 
applied to the effective action, valid up to 0(a' 3 ). On the other hand, momentum powers 
of (|3.1|) beyond k 6 represent gluon interactions such as D 2 F G ,D 1 F 5 ,D 6 F , which only 
become relevant at a' 5 or higher. To conclude, we shall only be interested in the reducible 
and irreducible diagrams of momentum order fc 6 . 

Let P denote the number of internal propagators inside a reducible Feynman graph 
and V k the number of vertices V k with n legs and energy dimension k. We are then able 
to compute the total number of external lines N of a given Feynman graph 



N=J2 nV n ~ 2P 



n>3 
k>0 



(5.2) 



with iV the total number of external legs. Notice, that the sum starts at n = 3, in 
accordance that a vertex cannot have less than three legs. If two vertices are glued together, 
two legs are converted into an propagator. This way one has to subtract the double number 
of propagators P. Let us now take into account, that we only consider tree-level diagrams. 
This restricts the number of propagators for a given diagram to 



n>3 
k>0 



(5.3) 



where the sum runs over the whole number of vertices. After eliminating the number of 
propagators from (|5.2j) we arrive at: 



N=^(n-2)V n « + 2. 

n>3 
k>0 



(5.4) 



When studying a six-point string S'-matrix, the vertices of their reducible (field-theory) 
diagrams have at most five legs. In addition, the string S'-matrix may contain contact 
interactions with six legs. Hence, we shall only be concerned about vertices with at most 
six external legs and we may explicitly evaluate the sum over n in ( |5.4| ): 

6 = 2 + {V 3 k + 2V, k + 3V 5 k + 4V 6 k ) . (5 5) 

fc>0 
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There are five possibilities to fulfill the constraint ( |5.5| ). The cases range from diagrams 
comprising only four vertices Vf with three legs up to diagrams of only one vertex Vf 
with six legs. Only the latter diagram, representing a contact interaction, gives rise to an 
irreducible diagram. Hence, those are the interactions to be added to the effective action 
at a' 4 , while the other diagrams involving vertices with fewer than six legs are reducible 
and may be already obtained by the Feynman rules of the effective action, valid up to a/ 3 . 
More concretely, Table 2 displays the possibilities of how to met the condition ( |5.5| ) . 
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Table 2: Number of vertices V n to 
meet the condition fl5.5| ). 
For the the five cases a)-e), shown in Table 2, their corresponding Feynman diagrams are 
schematically drawn in Figure 1 and 2. 




Figure 1: Feynman diagrams for the three cases a),b) and c). 




Figure 2: Feynman diagrams for the two cases d) and e). 

The vertices with at most six external legs following from the F n - and D m F n - 
terms in the effective action (cf. Table 1) are displayed in Table 3. 
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Table 3: Possible vertices V, 



witii at most six external legs 



Of course, V3 and V4 are just the standard non-Abelian Yang-Mills vertices. Note, that 
we do not show any vertices (namely Vf , Vf and V5) stemming from TrF 3 as this term is 
absent in the superstring. This fact leads to somewhat fewer diagrams relevant to us than 
in the bosonic string. 

So far, we have only discussed the number and kind of vertices, which appear in a 
tree-level Feynman diagram with six external legs. We are interested in diagrams, which 
have momentum power k 6 . The latter correspond to order a' 4 and mix in the a'-expansion 
of ( |3.1| ) with contact interactions of the same order. Similarly as for the number of legs 
(cf. Eq. (|5.2|) ) we may find an expression for the energy-dimension of a given graph. With 



the total energy-dimension K given by K = kV* — 2P, we find: 

n>3, A;>0 



i>3 



(5.6) 



Demanding K = 6 and using the fact, that there is only one three-vertex V3, which follows 
from the standard Yang-Mills interaction Tr(trF 2 ), we obtain the condition: 

4 = 4 V 6 6 -V? + 5>-2) vf + J>-2) V 5 k . (5.7) 

fc>0 fc>0 

Now, we have to verify, which of the five cases, shown in Table 2, fulfill the constraint 
( |5.7|) . There is a fast answer to the two cases a) and e): Any Feynman tree-level diagram 
with only four three-vertices V3 leads to a total momentum power k~ 2 and never meets 
the constraint ( |5.7| ). Among others this diagram contributes to the k~ 2 powers in Eqs. 
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Figure 3: Diagram ~ £(4) k 6 with one four-vertex V| and two three-vertices V 1 

(DID, ( ET57D and On the other hand, any single contact vertex V| of momentum 

order k 6 automatically fulfills the constraint These vertices give rise to a new interaction 
terms in the effective action at a' 4 . Next, the case b) may only fulfill the requirement ( |5.7| ) 
with the four-vertex Vf involved. This is shown in Figure 3. 



Furthermore, the case c) needs the five-vertex Vj, shown in Figure 4. 

h 

&4 




Figure 4: Diagram ~ £(4) /c 6 with one five-vertex Vj and one three-vertex V 1 



Finally, the case d) allows for two four- vertices, with their energies fe, k fulfilling the con- 
straint: k + k = 8. This leads to two classes of possibilities: one possibility involving two 
times the same vertex V| or an other with two different four-vertices Vf and Vf , with 
k + k = 8. According to Table 3 we have four different four-vertices V4 , with fc = 0, 4, 6, 8. 
Hence, the case d) allows for the following two pairs of four-vertices Vf and V4, with 
(fe, k) G {(4, 4), (0, 8)}, shown in Figure 5 and 6. 




k 3 & 4 



Figure 5: Diagram ~ C(2) 2 k e with two four-vertices V| anrf one internal line 
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Figure 6: Diagram ~ £(4) k 6 with the two four-vertices V4 and V| 

To conclude, Figures Nr. 3-6 show the four reducible Feynman diagrams, which lead 
to total energy dimension six, i.e. order k 6 in the external momenta ki. These diagrams 
correspond to the cases b)-d) of Table 2. Furthermore, the two vertices Vf from F 6 and 
D 4 F 4 give rise to two contact interactions of momentum order /c 6 , accounting for the case 
e) of Table 2. All these six diagrams are contained in the fc 6 -part of our string S'-matrix 
(pTT|). The latter is given in Eqs. ( ft.56|) , (|3.57| ) and ( |3.59| ). Hence, to extract from the 
string S'-matrix the information about the new interaction terms F 6 and D 4 F 4 , to be 
written at a in the effective action, one has to take from our string ^-matrix results the 
fc 6 -part and subtract the contribution of the above four diagrams, displayed in Figures Nr. 



3-6. Hence the work to be still done is the following [18]: With the vertices from Table 
3 we have to calculate the above described four reducible diagrams in field-theory. Then 
we subtract the result from the k 6 order of the string ^-matrix fl3.1|) . The result, which 



has no poles, then accounts for the contact six-point interactions following from F 6 , D 2 F 5 



and D 4 F 4 after inserting the linearized field strength F„ v = Cuk u — £, u ku. To obtain their 



precise form with the right coefficients one makes an ansatz for the terms F 6 ,D 2 F 5 and 
_D 4 F 4 and matches this ansatz with the relevant piece of the string S'-matrix. This gives a 
system of linear equations for the coefficients. Solving these equations allows to write down 
the complete a /4 -order of the effective gluon action (|1.3|) , cf. [[18]]. The calculation of the 



Feynman graphs, shown in Figure 3-6, consists of two parts: First extracting the Feynman 
rules for the vertices from either string-theory or field-theory. Second we have to calculate 
the exchange diagram under consideration with respecting permutation symmetries. At 
this point we should remind about the ambiguity of relating string ^-matrix results with 
corresponding terms in the effective action. It is notorious (see e.g. Ref. |3"6"f ), that the 
string iS-matrix reproduces given terms in the effective action only up to field redefinitions. 
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Hence it is a lot more efficient, if we extract the Feynman rules for the vertices from known 
string amplitudes with fewer than six external legs rather than extracting them from field- 
theory terms, which are ambiguous. 

Finally, let us point out, that we do not encounter reducible Feynman diagrams at 
order k 6 involving vertices from the c/ 3 -terms. This fact is related to the absence of 
vertices from i ?3 -terms due to supersymmetry. Otherwise e.g. the diagram c of Figure 
1 with the two vertices Vf and Vf connected by an internal line, would give rise to k 6 . 
In other words, since in the string amplitude at the c/ 4 -order we do not encounter any 
odd zeta-functions or combinations thereof, like C(3), C(3) C(2), no reducible diagrams 
involving the vertices from F 5 or D 2 F 4 have to be considered at this order in a' . This 
may be of deeper origin related to the fact, that interaction terms of odd powers in a' 
appear with the transcendental ^-values: C(3), C(5), • • •• As it can be seen from Table 3 
any diagram involving a vertex from the a/ 3 -terms would be proportional to ((3) . However, 
our expansions Eqs. ( |3.56|) , (|3.57|) and ( |3.59|) do not have ((3) at a' 4 . Hence, these vertices 
do not show up in the string S'-matrix (|3J]) at the a' 4 order, neither in reducible nor in 
irreducible diagrams. However, the vertex V| from F 5 and D 2 F 4 contributes at the order 
a' 3 as terms proportional to ((3) k 4 in the expansions (|3.56| ), ( |3.57|) and ( |3.59| ). On the 
other hand, since the o/ 4 -order of the six-gluon string S'-matrix contains only £(4) and 
C(2) 2 , any reducible diagram contributing at this order contains either two vertices from F 
or one vertex from D 4 F 4 together with some vertices from the Yang-Mills interaction F 2 . 
This is precisely, what we have found above (cf. Figure 3-6). Hence, in the ct'-expansion 
of a given gluon string S'-matrix there seems to be an intriguing disentangling of terms 
between ((2s) and ((2s + 1), respectively at each order. This means, that for a given a'- 
order only a certain class of reducible and irreducible diagrams contributes. In addition 
there is a crucial difference between even and odd F n -terms in the effective action, which 
relies in the difference of even and odd zeta-values. In the a'-expansion of a string S— 
matrix, e.g. a term ((2) ((3) may be immediately traced back to a contribution from a 
reducible diagram involving one vertex from the F 5 ,D 2 F terms and an other from the 
-F 4 -terms. Similarly for C(3) 2 or ((3) ((5). Hence the effective action terms involving odd 
zeta-values may be much easier extracted from a given string expansion than the terms 
proportional to even zeta-values or combinations thereof. In fact due to the identity 

C(2) 2 = \ C(4) (5.8) 
78 



the contribution to the o/ 4 -order of the string S-matrix of e.g. Figure 5 may not be 
disentangled from the contribution from Figure 6. Similar statements hold at the a' 6 - 
order due to the relations: 

C(2) 3 = f C(6) , 

7 8 (5-9) 
C(2) C(4) = - C(6) • 



6. Concluding remarks 

In this work we have calculated the open superstring S-matrix with four, five and six 
external gluons on the disk by introducing a powerful method. We have found a systematic 
and efficient way to calculate tree-level string amplitudes by equating seemingly different 
expressions for one and the same string S'-matrix. An intriguing way of using world-sheet 
supersymmetry generates a system of non-trivial equations for string tree-level amplitudes. 
These equations represent algebraic identities between different multiple hypergeometric 
functions or generalizations thereof. Their solutions give the ingredients of the string S'- 
matrix. Generically, one- or higher-loop string amplitudes give much more constraints 
on the form of the effective action as a result of world-sheet supersymmetry manifested 
through Riemann identities in the string S-matrix calculation. The latter impose quite 
strong conditions on the allowed heavy string states running the loops. On the other hand, 
what we find here is, that it is the superdiffeomorphism invariance on the string world- 
sheet, which imposes constraints on the effective superstring tree-level action: by writing 
the tree-level string S-matrix in different, but equivalent forms, we obtain a system of 
equations, whose solutions capture the pieces of the full string S-matrix. Hence, in all 
cases, both string tree-level and string loop, it is world-sheet supersymmetry, which may 
be used to generate various non-trivial equations between different amplitudes. Especially 
consult Ref. |?7| for highlighting this method at two-loop. It would be very interesting, 



whether in the pure spinor formalism similar relations may be obtained. See Ref. for 
further information on this interesting question. 

The full string S-matrix can be expressed by six (generalized) hypergeometric func- 



tions as in Eq. (|3.55|) , which in the effective action play an important role in arranging the 
higher order a' gauge interaction terms (such as F G , D 2 F 6 , D F , D 6 F' i : . . .) with six ex- 
ternal legs. The final expression ( |3.55|) is given by six triple hypergeometric functions $ j , 
which encode the full a'-dependence and some polynomials P- 7 , which keep track about 
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the pole structure of the reducible diagrams. The functions <&j organize the various terms 
according to their zeta-values pl"|,|i~8|. 



The general complication in constructing the effective action from string S'-matrices 
is, that one has to expand the result for the string amplitude w.r.t. to the kinematical 
invariants (or a'), in order to subtract the terms accounting for the reducible diagrams. 
Since generically any tree-level string amplitude is given by some multiple hypergeomet- 
ric functions (or generalizations thereof, cf. section 4), with the latter comprising the 
a'-dependence of the full amplitude, this problem turns to the mathematical task of ex- 
panding hypergeometric functions (or their generalizations) w.r.t. small parameters. In 
the case, when these functions have poles, this is a very challenging work (cf. subsection 
4.6). However, with the formalism developed in this article, it is generically possible to 
express those hypergeometric functions, which have poles, as a linear combination of other 
hypergeometric functions, which are simpler to expand (cf. section 4 for explicit results). 
Cf. Eq. ( |3.48| ) for the six-gluon amplitude: There, the triple hypergeometric functions $j 
comprise a basis of finite functions and the poles simply appear as coefficients A- 7 in front 
of those simpler hypergeometric functions. In fact, as we have demonstrated in subsection 
3.3, these poles follow from solving algebraic equations. 

So far, the heterotic-type / duality [|39| has been checked up to certain a/ 2 -terms in 
the effective action [|4T|f4~T| , fi"2f . The terms tested represent 1/2 BPS saturated couplings, 
i.e. through supersymmetry they are related to eight fermion terms in the effective action. 
This duality maps certain (anomaly related) c/ 2 -terms to each other. More precisely, the 
heterotic one-loop corrections to the terms F 4 , F 2 R 2 , (-R 2 ) 2 , R 4 reproduce the analogous 



terms of the type / >SO(32) at tree-level |40| , ^T| . Hence, there is a map between the 
integral over the complex structure modulus of the heterotic one-loop world-sheet torus 
to the single position integration of the disk-calculation of those a /2 -terms. It is certainly 
important, to go beyond that order to verify this duality, in particular extending the checks 
to non-BPS saturated amplitudes. Though heterotic-type I duality is a strong-weak 
coupling duality, there have been given arguments due to non-renormalization theorems 
and underlying BPS-structure of certain amplitudes [[13] (see also Refs. [[HJ), that this 
duality should also work perturbatively, i.e. perturbative heterotic calculations map to 
analogous perturbative type / results. In this line we expect, that a perturbative heterotic 
two-loop calculation of the six gluon string S'-matrix in D = 10, captures the tree-level six 
gluon string S'-matrix in the type / superstring p7|J4^ 1 . Hence, the irreducible part of the 
o/ 4 -order of Eqs. (|3.56| ), ( |3.57| ) and ( |3.59| ) should agree with the two-loop results derived 
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in This check will be performed in Ref. [55]. At any rate, since a certain (BPS 

protected) kinematics of the heterotic two-loop amplitude (cf. the discussions in [j3?|j43|] ) 
is given by an integral over the fundamental domain of the modular group of the g = 2 
torus ]46| 

U = 5F C(4) ' ((U) 

the duality seems to work, since the relevant terms from ( |3.59| ), indeed start with £(4) |45| [ . 
Hence, as in the heterotic one-loop case, there seems to be a link between the integral over 
the moduli space of the heterotic two-loop torus ( |Q|) and the integral over positions of 
three vertex operators on the disk. Qualitatively for a kinematics (££) (££) (£k)(£k) the 
latter integral may be mimicked by: 



l r i pi 



dx I dy I dz ' 



Jo Jo 



(1 — xyz)' 



C(4) • (6.2) 



The duality then relates the two integrals ( |6.1| ) and (|6.2| ). Understanding this relation also 
for the non-BPS protected terms would be certainly interesting for a deeper understanding 
of the heterotic-type I duality. In that case, the integrand is of the generic form ( |3.31| ), 
while for the heterotic two-loop result the integrand over the g = 2 fundamental region 
represents some gauged heterotic two-loop partition function, given by some combination 
of g = 2 modular functions. Therefore, the duality turns into the non-trivial mathematical 
statement, that there is a link between the integral ( |3.31| ) and a two-loop torus integral 
over a certain combination of g = 2 modular functions. Perhaps the various identities 
between hypergeometric functions, that we have found (cf. subsection 3.3), may have a 
direct translation into two-loop Riemann identities on the heterotic side. Certainly this 
would lead to quite non-trivial relations between generalized hypergeometric functions and 
theta-functions, initiated by the duality between open and closed strings. 

In perturbative gauge theories the maximally helicity violating (MHV) iV-point am- 
plitudes, with N — 2 gluons of one helicity and two gluons of the other helicity, show a 
remarkable simplicity, which is not apparent from the Feynman rules [f|7| . This result has 
a nice explanation after Fourier transforming the momentum space amplitudes to twistor 
space ||48| . Based on this observation recently there has been made progress in perturbative 
gauge theory by studying the underlying twistor structure of scattering amplitudes. At 
tree-level this investigation has provided recursion relations for on-shell amplitudes ||49|| , 
which give new and simple forms for many amplitudes in field-theory. The question one 



81 



may ask is, whether after including a/ -corrections to the MHV-amplitudes would moti- 
vate a possible generalization of the duality between perturbative gauge theory and twistor 
string theory pifl . 
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Appendix A. Five gluon open superstring S— matrix 

In section 2 we have presented a powerful technique to calculate tree-level string 
amplitudes. As an example we outlined the procedure at the four gluon string S'-matrix. 
In section 3 this technique considerably helped to derive the full six-gluon string S'-matrix. 
For the reader, who still might not be convinced about the tremendous simplifications 
occurring once this method is used, we now apply this recipe to the five gluon string S— 
matrix. Though this amplitude has been already calculated in Ref. @, we find it quite 
enlightening to redo this calculation within the frame established in this article. Moreover, 
this calculation allows to derive striking identities for the hypergeometric function 3 F 2 [ a ^ c ]. 
In particular, we find interesting relations, which allows to express one 3-F2, which has a 
complicated pole structure, as a linear combination of two others, which do not have poles. 
Hence, in this linear combination the poles are completely captured by the coefficients in 
front of those hypergeometric functions. This is in lines of Eq. ( |3.48| ), where one needs a 
basis of six functions, to express a triple hypergeometric function ^["^g^™ 2 ^™ 3 ^ 35 ] in 
terms of others. 

We study the string ^-matrix describing the string tree-level scattering of five gauge 
bosons on the disk: 

^5(^15 Cij °i) ^2, £2, a 2 ] k 3 , £3, a 3 ; /c 4 , £4, a 4 ; /c 5 , £5, a 5 ) 

= ^ckg II / d 2 z r (vi:P( Zl ) V^\z 2 ) Vg>(* 3 ) Y#l(*4) V{%(z 5 )) . (A ' 1} 

r=l J 

5 

We have total momentum conservation ^2 ki = 0. Furthermore, we have chosen two gauge 

i=l 

vertex operators in the (—1) -ghost picture in order to guarantee a total ghost charge of 
— 2 on the disk. The explicit evaluation of the correlator in Eq. ( |A.1| ) leads to a sum of 
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integrals with the two classes of (space-time) kinematic contractions: (£0(£0(£^) an< ^ 
(£0(£^)(£^)(£^)- The first kinematics comprises the following 15 x 3 contractions 



Si := (66) (66) (6*. 
£ 4 := (66) (66) 

s 7 := (66) (66) 
S10 := (66) (66) (6^ 
5l3 := (66) (66) (6*. 



s 2 := (66) (66) 
£ 5 := (66) (66) 
s 8 := (66) (66) 
Sn := (66) (66) (6^ 
S14 := (66) (66) (6^ 



s 3 := (66) (66) (6M, 

s 6 := (66) (66) (Uk s ), 

£ 9 := (66) (66) 

, H 12 := (66) (66) (6M 

, Sib := (66) (66) (M 

(A.2) 

with fcj accounting for three space-time momenta as a result of applying the on-shell 
constraint 6^i = and momentum conservation. 

In Eq. ( A.l ) we have chosen the first two gauge vertex operators in the ( — l)-ghost 
picture. As a matter of PSL(2, R)-invariance on the disk, we are free to chose which pair 
(a, 6) of the six gauge vertex operators we put into the (— l)-ghost picture. Hence, instead 
of the particular choice in ( |A.1| ), for a given group structure tt, we may generically consider 
the expression 

^^(1)^(2)^(3)^(4)^(5)) ^ ^ ^ q 

= Vckg I \{d 2 zr (V£\z a ) V£t\z h ) vj&M VPM) VaIM) , 

(A.3) 



with some permutation (a, 6, i, j, k) G (1, 2, 3, 4, 5) of vertex operators. According to 
from this piece we may obtain the whole string S'-matrix (|A.1|) . After performing the 
Wick contractions and with the correlators ( 2TB ) we may evaluate ( |A.3[ ) and obtain: 



A*{a,b,i,j,k) = V c £ G I f[ d2z r { 2 •Ai(a ) b,i ll i 2 ,ia) (66) (6i6 2 ) 

+ ^2(a,*l,&,i2,*3) (661) (662) 

+ ^ ^3(o,*i,*2,*3,6) (66J (6 2 6 3 ) + ^ ^3(6,*i,*a,*3,a) (66J (6263! 
+ - Ci(a, b,ii,i 2 ,i 3 ) (66) + ^ C 3 (ii, i 2 , a, 6, i 3 ) (6162) 

+ ^ ^2(0, 11,6,12, is) (661) + g C2(b,h,a,i2,i 3 ) (661! 

(A.4) 
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In the following, we shall need the integrated expressions 

6 



= ^CKG / II d'Zr Ai , Cf = V^ G ! J] d " Z r C i > ( A - 5 ) 



which enter the expression ( |A.4| ). In front of the contractions (£ a £fa) (£i£j)) (£a&) (£b£j) 
and (£ a £i) (CiCfe) there appear the three basic functions *4i(a, 6, z, j, fc), .42 (a, i, b,j, k) and 
^.3(0, i, j, k, 6), respectively 



Ai(a, 6, i, j, k) = i £ 



1 kikj 

Z ab Z ij 



Z 3 a \ (£ 1„ \ z J h 1 rc u \ z i i 



ZakZjk ZbkZjk ZikZjk 



72 [(kjkk) (£,kki) (kikk) (Ckkjj 



Z ab ZikZ J kZi J 



A2(a,i, b,j, k) = i £ 



%a b ^ai %bj %ij 

1 



Z 3 a 1 <C U \ Z 3 b 1 <C U \ Z i 



Zab Zai Zbj %ik *j fc 



ZakZjk Zbk^jk Zik^jk 

[{kik k ) (£ k kj) - (kjk k ) (ffcfci)] 



.4 3 (a,z,j, fc, 6) = <^ h 



Zab^ai^jk (_ ^bi^jk ^bj^ik ^bk^ij ^bi^jk 



(A.6) 
with: 

5 

r <s 

Obviously, the first two integrals A\ and 4.J account for the two cases whether the two ver- 
tices a, b in the (— l)-ghost picture are contracted among themselves or with other vertices, 
respectively. The integral A% describes the case if only the polarization £ a of the vertex a 
is contracted with an other polarization £j, while the polarization ^ is contracted with mo- 
menta. The function Ai(a, 6, z'i, 12, 13) is invariant under permutations of the indices z'i, i% 
and a, 6, while the function A2 enjoys the property .4.2(0, i±, 6, 12,13) = A2Q), 12, a, z'i, 23). 
Furthermore, the function A3 (a, i\, 12, 13, b) is symmetric under permutations of 12 and 13. 
Due to those symmetries it is obvious, that in the amplitude A"(a,b, i, j, k) any permu- 
tation of the three indices k, which label the three vertices in the zero-ghost picture, 
yields the same expression (|3.4j ) as a result of Bose-symmetry of the iVS'-operators. The 
same is true for the permutation of a and b. In each amplitude A* (a, 6, i, j, k), as given 
in Eq. (|A.4|) , all 15 space-time kinematical contractions ( |A.2| ) show up. For the kinemat- 
ics (££)(£^)(£^)(£^)> which in the string S'-matrix ( |A.4| ) may appear in the combinations 
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Ci(a,b f i,j,k) (f a &) , C 2 (a,i,b,j,k) and C 3 (i, j, a,b,k) we have the corre- 

sponding integrands 

Ci{a,b,t,3,k) = i £ \ I J 

ZaiZbjZbk \ZajZ a kZbi Z ak Zij Z a jZi k J 



{ijkj){£kkb) f (€ih) _ (&h) \ (£jkk)(£kh) f _ (dh) (£jkk)z ak \ 



Zaj Zbk Zij 



\ Z a kZbi 



ZajZbi Zik 



ZabZik J 

(£jki)z, 



ZaiZbkZjk \ZabZij Z a j Zbi Z a bZajZi k J 

{iikj){ijk h ){ikkj 



+ 

Z-ai Zbj Zjk 

C 2 (a,i,b,j,k) = i £ 
{ijki){ikk 



ZakZbj Z a bZ a kZij Z a bZj k 
(£,ikb) (£,ikj)z a j (£ik 



ZabZakZbj Zij Zik 



ZabZij Zik 

{ijkk){ikki 



Zaj ZakZbi 

{.ibkj)(ikkb) 

Zaj Zbi Zbk 

(£,bkj)z 

Zaj ZakZbi 



ZabZakZij Z a bZik 

(ijkk) (£,jk b )z ab 



{£ikb){ijki)(£ k kj 

ZabZakZbi Zij Zjk 



+ 



ZabZikZjk 
(Cjki) (£,kkj 



ZabZij Zjk 

C 3 (i,j, a,b,k) =i £ 
(£kki) 



\ Zaj Zbi 

(6fci) 

ZakZbi 

(tkh) 

ZakZbkZij 

(£aki)(£bkj 



Zai Zj k 

(6fc 3 -) 

ZakZbj 
+ 



+ 



ZaiZakZbj 

{jbkk) 

Zaj Zbk 



Zak Zij 

(£jkb)(£kk c ] 



{Zbki) {ibk k 



+ 



( (Jibki) (Jibkj) (£,bkk)z ak \ 

ZaiZbj Z a iZ a j Zbk J 



(ibkj)z aj {jbkkj 



Zaj Zbj Zik \ Z a k Zbi 

{^bkj){^jki){^ k k h ) 

ZaiZak Zbj Zbk Zij 

(ibki)(ijk h )(£ k kj) 



ZaiZbk 



ZabZakZij Zi k 

(Cbki)(Ckkj) 



ZaiZakZbj Z a iZbk 

iu^mkj) {tjak 3 mki) \ 

ZaiZbj Z a jZbi 

(£ a kj)(£bki)z t 



ZabZbiZij Zj k \ Z a k 



Zbj 
Hakj) 



Za j Zbi 



+ 



Zai ZakZbi Zbj Zj k 

) 

(Caki)(Ckkj) ( (^bkj)z a j 



+ 



Zak 



+ 



(ikki 



Zak Zij Zik 



ZabZai Zij Zj k 
(€akk)(£bkj) _ 
ZakZbj 



+ 



(£bkk) 



ZakZbj Zbk 
Zaj Zbk 



(A.7) 
respectively. 

Exchanging in the amplitude A 7T (a 1 b,i,j,k) indices from the two sets {a, b} and 
k}, i.e. putting instead of the operators a, b other operators in the (— l)-ghost picture, 
leads to seemingly different expressions. In other words, putting different vertex operators 
in the (— l)-ghost picture, provides different function A™, in front of a given kinematics. 
The five-point amplitude ( |A.3|) allows for („) = 10 possibilities to choose which vertex 
pair (a, b) to put into the (— l)-ghost picture. Therefore, for a given group structure n and 
the given kinematics 

(UtB)(tctD)(tEk.) (A.8) 

we obtain ten -a priori- different expressions A™, when we examine ( |A.4| ) for the choices 

(o,6)e{(A,S), (A, CO, (A,D), (A,E), (B,C), (B, D), (B,E), (C,£>), (C,E), (D, E) } . 

(A.9) 
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The latter may be read off from ( |A.4|) : 
AUAB,C,D,E) , A1(C,D,A,B, E) , 

A%(A,B,C,D,E) , Al(B,A, C,D,E) , A%(B,A,D,C, E) , AUA,B,D,C,E) , 

AUA,B,C,D,E) , AUB,A,C,D,E) , A$(C,D,A,B,E) , AUD,C,A,B,E) . 

(A.10) 

They all have to be equated, which gives rise to 9 x 3 equations for each kinematics ( |A.8| ) 
under consideration. The additional factor of three arises, since s = A,B,C due to the 
on-shell constraint ^e^e — and momentum conservation. E.g. the kinematics Si, i.e. 
A = 1, B = 2,C = 3,D = 4 and E = 5 yields the system of equations: 

A?(l, 2, 3, 4, 5) = A? (3, 4, 1, 2, 5) = Af (1, 2, 3, 4, 5) = A£(2, 1, 3, 4, 5) = A£(2, 1, 4, 3, 5) 

= 2, 4, 3, 5) = Al (1, 2, 3, 4, 5) = A£(2, 1, 3, 4, 5) = A|(3, 4, 1, 2, 5) = Af (4, 3, 1, 2, 5) . 

(A.11) 

Taking into account all 15 x 3 kinematics (|A.2| ), we obtain 27 x 15 = 405 equations, which 



give rise to non-trivial relations among the integrals of the type ( |A.7|) in the same way, as 



we have seen before in the case of the six- or four-gluon string S'-matrix. However, again 
many equations are equal. Actually, we are left with only 291 equations. 

Similarly, let us discuss the ten different expressions for a kinematics of the structure: 

(USb) (Zch) (Zoks) fob) ■ (A.12) 
From ( |A.4| ) we read off the ten possibilities 

C?(A,B,C,D,E) , CUA,B,C,D,E) , C%(B,A,C,D,E) , C%(A,B,D,C,E) , 
C%{B,A,D,C,E) , C%{A,B,E,C,D) , (B, A, E, C, D) , 
C%(A,B,C,D,E) , C%(A,B,C,E,D) , C£(A, B, D, E,C) 

(A.13) 

to extract the kinematics (|A.12j ). They all have to lead to the same result. After equating 
them we obtain nine equations for each kinematics ( |A.12| ). On-shell, there are 10 x3 3 = 270 



kinematics ( |A.12|) . Hence we obtain 2,430 equations. However, many of them are equal 
and and in fact this system reduces to only 151 equations. 

So far, we have not yet fixed any of the vertex operators. Due to the PSX(2, R) 
invariance on the disk, we may fix three positions of the vertex operators. A convenient 
choice in ( |A.1| ) or in ( |A.7| ) is ( |3.21| ), which implies the ghost factor (c(zi)c(z2)c(zs)) 



-z 



2 
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A five-point amplitude involving massless external particles, i.e. fcf = 0, allows for five 
independent kinematic invariants Sj. We may choosell! the scalar products: 



si = k 2 k 4 , s 2 = k 2 k 5 , s 3 = k 3 k 4 
s 4 = k 3 k 5 , s 5 = k 4 k 5 . 
The general structure of the integrals (|A.7| ) is then given by: 



(A.15) 



dz 4 dz 5 \z 4 \ a24 N a25 \l-z 4 \ as4 \l-z 5 \ a35 \z 4 -z 5 \ a45 



(A.16) 

Here, the powers a>ij are real numbers, which are given by 

c*24 = si + n 2 4 , «25 = s 2 + n 25 , CK34 = s 3 + n 34 , 

(A.17) 

«35 = S4 + n 35 , a 4 5 = «5 + ™45 , 

with some integers riij G {—2, —1,0}. The integrals ( |A.16|) may be transformed into the 



form (|4.2| ). Of course, this depends on the range of integration I n chosen in ( |A.16| ). For 
instance, if we concentrate on the group contractions Tr(A 1 A 2 A 3 A A 5 ), which we shall do 
in the following, in Eq. ( |A.16|) we have to perform the integral over the region: 

Ik = { Z4, z 5 E R I 1 < z 4 < z 5 < 00 } . (A. 18) 

For this case we obtain: 
-^[^24,^25,^34,^35,^45] = 



OO fOO 

dz 4 

1 J Z4 



dz 5 \z 4 \ a2i \z 5 \ a25 \l-z 4 \ a34 \l-z 5 \ a35 \z 4 -z 5 \ ai5 



I dx [ dy x - 3 -«24-a 2 5-a 3 4-a35-a45 y -2-a 25 -a 35 -a 45 ^ _ x )a 34 ^ _ y )a 45 ^ _ xy j 

Jo Jo 

T(-2 - a 2 4 - «25 - «34 - a 35 - a 45 ) T(-l - a 2 5 - «35 - ^45) T(l + a 34 ) T(l + a 45 ) 



«35 



X 3^2 



T(-l - a 2 4 - «25 - "35 - «45) T(-a 2 5 - «35) 
-2 - a 2 4 - "25 - «34 - "35 ~ «45, ~1 ~ "25 ~ «35 ~ "45, -«35 
-1 - a 2 4 - "25 - "35 - «45, ~«25 ~ «35 



(A.19) 



15 The remaining scalar products of momenta are expressed by these nine invariants: 

klk 2 = S 3 + S4 + s 5 , 

kik 3 = si + s 2 + s 5 , 

fclfc 4 = — Si — S3 — S5 , 
klk 5 = —S2 — S4 — S5 , 
&2&3 = —Si — S2 — S3 — S4 — S5 . 



(A.14) 
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For the group structure 7r under consideration we may cast the integrals ( A. 7 ) into the 
form 

Ai(a,b,i,j,k) = (Tij(Tjk \(l-kikj) ((TijO-jaO-ak (£kk a ) F _ ™ a6 ' ^ _ 2 

[ V l n jk, n ak = —1, rij a = 1 

[rijk, n bk = -1, = 1 
+o~ik [(£kki)(kjk k ) - (£kkj)(kik k ) - (1 - kikj)(^ k ki)}F 

— Gab<Jai&jk ^&ij&bj&ja&ak (^fc^-a) {kikj ) -F 

- o-fefeO-jj (£kkb)(kikj) F 



n a b = -2 

^abi^aii^ak 1 
Hbji Tliji Tljk 1) ^ja 1 



+ crbjCik [(tikkj)(kikk) - (£kki)(kjk k ) - (£kki)(kikj)} F 



Al(a,i,j,k,b) = a a ba ai a jk ^-a b icr jk (ibh) (1 - kjk k ) F 
- °bjVik (£bkj) (kik k ) F 
+o-bk&ij (£bk k ) (kikj) F 



^iki^jk 1 
= -1 



rijk 



^abi^aii^bj 

T^ik -i jk 1 

n a b,n a i,n b k = -1 

Tlij 5 Tljk 1 



(A.20) 



with Oij = sign(z — j), and n 



i j 



t-3 1 
jii 



I < J 

i > j 



The entries in the functions F are to 



be understood such, that they are only of relevance, if they contribute in ( |A.16|) or ( |A.17|) . 
Otherwise they are meaningless as a matter of the choice ( |3.21| ). Altogether, there appear 
77 different functions F in the expressions ( |A.10|) and (|A.13|) . 

Let us come back to the system of equations ([A.ll|) , written down for all 3 x 15 
kinematics With ( |A.20|) , it gives rise to 291 relations among the functions 

F, very much in the sense we have encountered in ( |2.22| ) for the case of four-gluon S- 
matrix or in subsection 3.3 for the six-gluon case: These relations are to be compared 
with Eqs. (|3.47| ), i.e. they may be proven through partial integration. In addition, the 151 
equations from the kinematics (£A;) give rise to simpler identities comparable 

to Eqs. ( |3.41| ) and ( |3.43|) , i.e. they follow from simple polynomial relations. Let us present 



a selection of these relations: 



F[-2, 0, 0, -2, 1] = F[-2, 0, 0, -1, 0] - F[-2, 0, 1, -2, 0] , 
F[-2, -1, 0, -1, 0] = F[-l, -1, 0, 0, -1] - F[-2, 0, 1, -1, -1] , 

-1, -1, -1, 0] = F[-l, 0, -1, -1, 0] - -, 1, -1, 0, 0] , (A.21) 

F[-l, 0, 0, -1, 0] = F[-l, 0, 0, 0, -1] - 0, 1, -1, -1] , 

F[0, -2, -2, 0, 1] = F[0, -2, -2, 1, 0] - F[0, -2, -1, 0, 0] . 



After inserting for the F's their definition ([A. 19 ) these equations appear like the theorems 
derived in Ref. ||l3fl . 



As in the case of the six-gluon amplitude we may first solve for all equations following 
from the kinematics and insert its solution into the equations derived 

from the kinematics In doing so, solving for all 151 equations provides eight 

solutions, i.e. eight functions F out of the 77 may be expressed linearly in terms of others 
as in Eq. (|A.21|). Eliminating those eight functions in the second system of 291 equations 



leaves 275 equations to be solved. Of course, now these equations are more involved than in 
the four-gluon case and they describe various relations between hypergeometric functions 
3F2. This way we obtain a whole set of identities relating various functions F. These 
relations are similar to the identities for the hypergeometric function 3F2, presented in 
13[j . Recall, that in the four-gluon scattering case ( |2.23|) we have twelve equations and 
eleven functions Fj. However not all of these twelve equations are linear independent from 
each other. In effect, the system could be solved by introducing one single function Fq 
and expressing all other eleven functions through Fq, cf. Eq. (|2 . 24 ) . For the case at hand 



we encounter similar properties: Though the system of 275 equations is over deter mined, 
many of them are linear dependent on each other and it is possible to express 75 functions 
F in terms of a basis of two functions. In the following, the latter shall be denoted by $1 
and $2- 

In the four-gluon it proved to be convenient, to express all eleven functions Fj (j = 
1, ... 11) through one single function Fq with special properties. The latter has no poles 
in the Mandelstam variables s, t or u, cf. the expansion (|2.30|) . Similarly, in the six-gluon 



case we express 1,264 functions in terms of a basis of six finite functions ( |3.54j ). All 
pole structure of the amplitudes has appeared through the algebraic equations ( |2.23|) or 
( p.48|) . Similarly here, out of the total 77 functions 3F2 only a few of them share the same 
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properties, namely they do not have any poles in the kinematic invariants S{. E.g. we may 
single out the following two integrals 



$! :=F[-l,-2,0,0,0] 



dx I dy a;- s i- s 2-s3-s4- S 5 y -s 2 -s 4 -s 5 



x (l-x) S3 {l-y) S5 {l-xy) Si 



$ 2 :=F[-1,-1, 0,-1,0] 



(A.22) 



x (1 -x) S3 (1 -y) S5 (l-xy) 



S4—1 



from the 77 functions F. The functions $1, $2 do not have poles in the invariants Sj. In 
fact, their expansion w.r.t. small Sj may be easily obtained from the expressions ( |4.55 ) and 
( |4. 56| ) , cf. Eq. (A. 27). According to ( |A.19| ) they may be also written as hypergeometric 
functions: 



$1 



x 3F2 



r(i - gi - s 2 - s 3 - s 4 - s 5 ) r(i -S2-S4- ag) r(i + s 3 ) r(i + a 5 ) 

T(2 - si - s 2 - s 4 - s 5 ) T(2 - s 2 - s 4 ) 
1 - si - s 2 - s 3 - s 4 - s 5 , 1 - s 2 - s 4 - s 5 , -s 4 
2 - si - s 2 - s 4 - s 5 , 2 - s 2 - s 4 

r(i - si - s 2 - s 3 - s 4 - s 5 ) r(i - s 2 - s 4 - s 5 ) r(i + s 3 ) r(i + s 5 ) 

T(2 - si - s 2 - s 4 - s 5 ) T(2 - s 2 - s 4 ) 
1 - Si - s 2 - s 3 - s 4 - s 5 , 1 - s 2 - s 4 - s 5 , 1 - s 4 
2 - si - s 2 - s 4 - s 5 , 2 - s 2 - s 4 



(A.23) 



x 3^2 



In complete analogy to Eqs. (|2.24 ) and (|3.48 ) we may solve all remaining 275 equations 
through introducing the two-dimensional basis of functions $1 and $2- All other 75 
functions are given in terms of the latter 




(A.24) 

with some polynomials A| n , .y(si), A^ n . .y{si), which depend non-trivially on the five kine- 



{riij } 



matic invariants s^. Note, that due to the finiteness of $1, $2, the pole structure of each 
of the 75 hypergeometric functions 3F2 is determined by those prefactors A| n ^(sj). The 
latter follow algebraically from solving the system of 275 equations. To demonstrate the 
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power of our method, let us present a few of those relations ( |A.24 ), we have found: 



F[-l, -1, 0, 0, -1] = $1 - £i $ 2 , 

s 5 s 5 

Fl-l, -1, -1,0,0] = Jl -.Id- «!-*-«) 4l + (l-«» + ».)»4 $2 

S3 (S2 + S 4 + S 5 J S 3 (s 2 + S 4 + S 5 J 

F[-2, 0,0, 0,-1] = (!-.,-.»)] , 

(1 - Si) S 5 (S 2 + S 4 + S 5 ) 
S 4 [(1 - Si) S 2 + S 4 (1 - Si - S 5 ) - S 5 (Si + S 3 + S 5 )] 

(1 - Si) s 5 (s 2 + s 4 + s 5 ) 

Fp, -2,-1, o, o] = (1 ~ 31 ~ * ~ 35> 0l -fi* 2 , 

f[o, -2, o, -i, o] = !: si :' 2 : 35 + . '*:*, * 2 . 

1 + Si + S 3 + S 5 1 + Si + S 3 + S 5 

F[-l, -1, -1, -1, 1] = J 1 -^)(l-s 1 -s 2 -s 5 ) $i + s 4 -s 2 (s s + s 4 )-s 3 s 5 ^ 

«3 («2 + S 4 + S 5 ) S 3 (S 2 + S 4 + S 5 ) 

(A.25) 

In addition, let us present the somewhat more involved relation: 
F[0, 0,-1, 0,-1] 

(1 - s 2 ) (1 - Si - s 2 - S 5 ) [ Si s 3 (s 2 + S 4 ) + Si s 2 s 5 + s 2 (s 3 + s 5 ) (s 2 + s 4 + s 5 ) ] 
«3 s 5 (s 2 + s 4 + s 5 ) (s 3 + s 4 + s 5 ) (si + s 2 + s 3 + s 4 + s 5 ) 
(1 - Si - s 2 ) (si + s 2 ) (s 2 + s 4 ) 



«5 (S2 + S 4 + S 5 ) (S 3 + S 4 + S 5 ) (Si + S 2 + S 3 + S 4 + S 5 ) 



+ (l-* 2 ) S 2 -SiS 3 1 ^ ^ 

«3 (S 2 + S 4 + S 5 ) (S 3 + S 4 + S 5 ) J 

(A.26) 

The importance of this identity becomes clear, once we insert ( |A.19| ) into this equation. 



According to Eq. ( |A.19| ) the function F[0, 0, —1, 0, —1] corresponds to the integral 



-1— «1— S2— S3— 84— Ss „,— 1 — S2— S 4 — S5 



F[0, 0,-1, 0,-1] = / dx / ds,!- 1 - 51 - 82 - 83 " 84 - 85 I/" 
</o Jo 

x (1 - x)" 1+S3 (1 - y)~ 1+S5 (1 - xy) S4 , 

which has several double poles in the invariants s^. However, since the functions $1, $ 2 in 
the expansion ( |A.26|) do not have any poles, all the poles of F[0, 0, — 1, 0, —1] are encoded 



in the fractions in front of those functions and we may easily obtain the full power series 
of F[0, 0, — 1, 0, — 1] by only knowing the series expansions of $i,$ 2 . Furthermore, this 
equation becomes ( |4.57|) . Hence, we have proven the non-trivial equation ( |4.57|) just 
from relating equivalent parts of the five-gloun string S'-matrix. According to ( |A.19| ) the 
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above identities ( A.21| ), ( |A.25| ) and (|A.26|) give rise to non-trivial relations among three 
hypergeometric functions 3-F2, which only partly may be found in the literature ||13|| . We 
should stress, that the relations listed above are just twelve out of 75 identities we obtain 
from our method. 

After having solved all equations, the full a/ -dependence of the five gluon amplitude 
is captured by the two functions $1, $2, given in Eqs. ( |A.22| ) or (|A.23| ). Hence, to obtain 
the ct'-expansion of (|A.1| ), we only have to know their power series expansions w.r.t. to 
the kinematical invariants s^. With the material, derived in section 4, in particular setting 
a = —s\ — S2 — S3 — S4 — S5, b = —S2 — S4 — S5, c = S3, d = S5 and e = S4 in Q4.55|) and 
( |4.56|) , we obtain: 

$1 = 1 + si + 2 s 2 + s 5 + s 4 C(2) + s\ + 3 si s 2 + 3 s\ + 2 Sl s 5 + 3 s 2 s 5 + s\ 

+ (si S3 + s 2 s 3 + S3 + si s 4 + 2 s 2 s 4 + 2 s 3 s 4 + s 4 + s 2 s 5 + s 3 s 5 + 3 s 4 s 5 + S5) C(2) 
+ (si s 4 + 2 s 2 s 4 - s 3 s 4 + S4) C(3) + . . . , 

$ 2 =C(2) + ( S!+2 S2 - S 3 + S4 ) C(3) 

( 2 2 3 5 7 2 11 11 

+ I s x + 3 si s 2 + 3 s 2 + - si s 3 + - s 2 s 3 + - s 3 + — si s 4 + — s 2 s 4 + 4 s 3 s 4 + 

7 7 17 17 27 17 \ 

+ 2 S 4 + I s l s 5 + -J- S 2 S 5 + — S3 S 5 + — S 4 S 5 + — S5 j + . . . . 

(A.27) 

These two functions $1, $2 have no poles in the kinematic invariants Sj and their momen- 
tum expansion may be obtained by the methods presented in section 4. This property is 
just in lines of (|2.30D in the four-gluon case and (|3.54|) in the six-gluon case. 

E.g. in the string ^-matrix (|A.1[) after eliminating £5/^4 on-shell the kinematics 
(^i^2)(^3^4)(^5^i) comes along with the momentum dependent expression: 



s 3 s 5 (s 2 + s 4 + s 5 ) (s 3 + s 4 + s 5 ) 
x I (1 - s 2 ) (1 - Si - s 2 - s 5 ) [ Si s 3 (s 2 + s 4 ) + Si s 2 s 5 + s 2 (s 3 + s 5 ) (s 2 + s 4 + s 5 ) ] $1 
+ s 4 {(-1 + Si + s 2 ) (si + s 2 ) s 3 (s 2 + s 4 ) - [(1 - s 2 ) s 2 - Si S3] (si + S 2 + S3 + s 4 ) s 5 

- [(1 - S 2 ) S 2 - 8! 83] S 5 2 } $2 } • 

(A.28) 

According to Eq. ( |A.8|) the above expression may be derived from Ai(l, 2, 3, 4, 5). On 
the other hand, in the string S'-matrix ( |A.1|) after eliminating ^5/04,^4/^5 and £3/05 on- 
shell the kinematics (^1^2) (^3^1) (^4/^2) (^5/^1) comes along with the momentum dependent 



92 



expression: 



1 



«5 (S3 + «4 + S 5 ) 

X { (1 - S 2 ) (1 - Si - S 2 - S 5 ) $i - [ S 4 (1 - Si - fl 2 - S5) - «5 (Si + S3 + S 5 ) ] $ 2 } • 

(A.29) 



According to Eq. ( A. 12 ) the above expression may be derived from Ci(l, 2, 3, 4, 5). All 
other kinematics may be expressed similarly The result ( A.28 ) is to be compared with the 
final result ( |3.55| ) of the six-gluon case. To conclude, we may express the full five gluon 
kinematics (|A.10| ) through the two functions $1, $2, which are rather easy to handle due 
to their pole structure. In fact, after expanding (|A.28|) and ( |A.29|) up to second order in 
the Mandelstam variables, we find agreement with the results of @. In addition, we shall 
point out, that in the beautiful works [[7], it has also been found, that the five-gluon string 
S'-matrix may be expressed by two single hypergeometric functions 3F2. 



Appendix B. Series involving the Harmonic Number 

For the power series expansion of the hypergeometric function 3F2 we shall need the 
nine series: 

00 1 
W £ (n + l)(n + 2) *'"("+ D-l, 

n=U 
00 1 

E ( mv ^ + 2 ) = C(2) " C(3) , 

^ (n + l)(n + 2) 

n=0 ' 
00 1 

E 7 x1 w ^ + 3) = -3 + 2 C(2) , (B.l) 

^ In + l)(n + 2) 

n=0 
x ^ 

^ E ( W +i)( n + 2 ) Hn+1 ^ + 1] = (1 _ lE) C(2) + C(3) ' 



in 



[ill 



n=0 

00 



E (re+1) 1 (n+2) g ^^''+ 1 )- 3 - 2 ^ 

n=0 
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H E {n + + 2) H ^ + 2) = -2 7E + C(2) + 2 C(3) 

n=0 

oo 

(™) E r xiV ^ 9 ^ (^ + l) 2 = (l-7 g ) 2 + C(2), 
^ (n + lHn + 2) 

n=U ' 
x ^ 

M E ( n + i)( n + 2) ^ + 2 ) 2 = 7l - 2 7£ C(2) + 3 C(3) , 



n=0 

cso 



(-) E faTlJfa+2j »(" + 3)' = 3-4 7B+7 | + C(2) 

n=0 



These identities may be proven by using ( f4.23| ) and applying formulae shown in subsection 



4.3. Furthermore, we prove the three series: 



W E T^TF + 1)2 = T C(4) ~ 2 7s c(3) + ll c(2) 



n=0 

oo 



1 17 

I " ) E T^Tp ^(n + 2) 2 = T C(4) - 4 7 £ C(3) + l\ C(2) , (B.2) 

n=0 



E T^XT^ ^ + = \ C( 2 ) 3 " C(3) 2 " \ C(2) C(4) + ^ C(6) • 



n ( n + X ) 

n=0 



After rewriting the sums with ( |4.23[ ) , these identities may be proven by using various 



relations presented in subsection 4.3, in particular Eq. Q4.54Q . 
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Appendix C. Momentum expansion of 4 F 3 



1+6, l+a, 1+c, -j 
2+b+e, 2+a+d, 2+c+f 



r(i + d) r(i + e) r(i + /) r(i + 6) r(i + a) r(i + c ) „ 

4-^3 



1 + 6, l + a, 1 + c, -j 
2 + 6 + e, 2 + a + d, 2 + c + / 



T(2 + 6 + e) T(2 + a + d) T(2 + c + /) 
= 1 - a - 6 - c - d - e - f - 3j + a 2 + 6a + ca + 2da + ea + /a + 4ja + 6 2 + c 2 + d 2 

+ e 2 + / 2 + 6j 2 + 6c + 6d + cd + 26e + ce + de + bf + 2c/ + df + e/ + 46j + 4cj + 4dj 

+ 4ej + 4fj — a 3 — 6a 2 — ca 2 — 3da 2 — ea 2 — /a 2 — 5ja 2 — 6 2 a — c 2 a — 3d 2 a — e 2 a 

- / 2 a — 10j 2 a — 6ca — 26da — 2cda — 26ea — cea — 2dea — 6/ a — 2c/a — 2d/a — efa 

- 5bja - 5cja - lOdja - 5eja - 5fja - 6 3 - c 3 - d 3 - e 3 - f - 10 f - be 2 - bd 2 - cd 2 

- 36e 2 - ce 2 - de 2 - 6/ 2 - 3c/ 2 - df 2 - e/ 2 - 106j 2 - 10cj 2 - 10dj 2 - 10ej' 2 - 10/j' 2 

- 6 2 c - 6 2 d - c 2 d - 6cd - 36 2 e - c 2 e - d 2 e - 26ce - 26de - cde - 6 2 / - 3c 2 / - d 2 / 

- e 2 / - 26c/ - bdf - 2cd/ - 26e/ - 2ce/ - def - 5b 2 j - 5c 2 j - 5d 2 j - 5e 2 j - 5/ 2 j 

- 5bcj — 5bdj — 5cdj — lObej — 5cej — 5dej — 5b fj — 10c fj — 5dfj — 5efj 

+ C(2) {j - 2j 2 - aj - bj - cj -ad-be-cf + 3j 3 + 3aj 2 + 36j 2 + 3cj 2 + a 2 j + 6 2 j 
+ c j + a6j + acj + 6cj + 4ad? + 46ej — dej + 4c/j — d/j — efj + ad + 6e + cf + a d 
+a6d + acd + 6 2 e + a6e + 6ce + ade + 6de + c 2 / + acf + 6c/ + adf + cd/ + 6e/ + ce/} 

+ ^ C(4) {— J 2 - 4aj - 46j - 4cj - 5dj - 5ej - 5fj + 5j 3 + 5aj 2 + 56j 2 + 5cj 2 + 17dj 2 
+ 17ej' 2 + 17/j 2 + 4a 2 j + 46 2 j + 4c 2 j + 12d 2 j + 12e 2 j + 12/ 2 j + 4a6j + 4acj + 46cj 
+2adj + 56dj + 5cdj + 5aej + 26ej + 5cej + 17dej + 5a fj + 56/ j + 2c/ j + 17 dfj + 17 efj} 
+ C(3) { j - 2j 2 - aj - bj - cj - 2dj - 2ej - 2fj + 3j 3 + 3aj 2 + 36j 2 + 3cj 2 + 4dj 2 + 4ej 2 
+ 4/j 2 + a 2 j + 6 2 j + c 2 j + a6j + acj + 6cj + 2adj + 26dj + 2cdj + 2aej + 26ej + 2cej 
+2a/j + 26/ j + 2c/ j + ad 2 + 6e 2 + cf 2 + a 2 d + 6 2 e + c 2 /} 

+ C(2) C(3) {-j 3 - aj 2 - bj 2 - cj 2 + d 2 j + e 2 j + f 2 j + adj - bdj - cdj - aej + bej - cej 
-dej - afj - bfj + efj - dfj - efj} 

+ X - C(5) {4j 3 + 4aj 2 + 46j' 2 + 4cj 2 + dj 2 + ej 2 + fj 2 + 2a 2 j + 26 2 j + 2c 2 j - d 2 j - e 2 j 

- f 2 j + 2abj + 2acj + 2bcj — 3adj + Obdj + Ocdj + Oaej — 3bej + 6cej + 7dej + Oafj 
+66/j - 3c/ j + 7d/j + 7efj} + ... . 

(C.l) 
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Appendix D. Some group theoretical facts 

The field strength is defined as: 

F- u = d,Al - d v A% + gr hc A\Al , (D.l) 

with the structure constants f abc for an U(N) gauge group. Let us recall some basic facts 
about Lie Algebras. The commutation relations of a representation T a of the Lie Algebra 
read: 

[T a ,T b ] = i f abc T c , (D.2) 
with the structure constants f abc . We impose the standard normalization condition 

Tr(T a T b ) = C(r) 5 ab , (D.3) 
with C(r) being a constant for each representation r. Then we have the relation 

jobc _ — — 1— Tr ( [T a , T b ] T° ) , (D.4) 

which implies, that f abc is totally anti-symmetric. 

The adjoint representation r = G is given by the matrices 

(T a ) bc = -i f abc , (D.5) 

which obviously satisfies ( p.2| ) and (|D.4f ). The covariant derivative Dff^ acting on fields 
in the adjoint representation is introduced as: 

(Df-) ab = d x 5 ab - i gA? (T m ) ab = d x 5 ab - g f mab A? . (D.6) 

Hence, we have: 

D x = d x F« v -igA? (T m ) ab F b u . (D.7) 

In addition, we derive: 

D K D X F« = d K d x F" + g f and Al d x F d v - g f mac d K (A? Ft,) 



+ g 2 f amc f mnd Al A{ F% + g 2 f amc f cnd A? Al F% . 



(Di 



Finally, for F pv = T a F^ v in the adjoint representation, we may write ( p.l| ) as: 

F/j,u = d^Au — d u Afj, —ig [A^, A u ] , (D.9) 

and ( p.7| ) as: 

D x = dx-ig[A x , *]. (D.10) 
Furthermore, Eq. ( p.S| ) gives rise to: 

D K (D X F M „) = 8 K 8 X F^-ig [A K , d x F„ u ] - i g [8 K A X , F„ u ] ^ 

- i g [A x , d K F^ u ) - g 2 [ A K , [Ax, F^] ] 

To this end, we may prove: 

[D^ D v ] F pa = -ig [Fp U , F pa ] . (D.12) 
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